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Abstract Bed load transport is a highly complex process. The probability density function (PDF) of particle
velocities results from the local particle momentum variability in response to fluid drag and interactions with
the bed. Starting from the forces exerted on a single particle under low transport rates (i.e., rolling and sliding
regimes), we derive here the nonlinear stochastic Langevin equation (LE) to describe the dynamics of a single
particle, accounting for both the deterministic and the stochastic components of such forces. Then, the
Fokker-Planck equation (FPE), which describes the evolution of the PDF of the ensemble particle velocities, is
derived from the LE. We show that the theoretical PDFs of both streamwise and cross-stream velocities
obtained by solving the FPE under equilibrium conditions have exponential form (PDFs of both positive and
negative velocities decay exponentially), consistent with the experimental data by Roseberry et al. (2012).
Moreover, we theoretically show how the exponential-like PDF of an ensemble of particle velocities results
from the forces exerted on a single particle. We also show that the simulated particle motions using the
proposed Langevin model exhibit an emergent nonlinear relationship between hop distances and travel
times (power law with exponent 5/3), in agreement with the experimental data, providing a statistical
description of the particles’ randommotion in the context of a stochastic transport process. Finally, our study
emphasizes that the motion of individual particles, described by the LE, and the behavior of the ensemble,
described by the FPE, are connected within a statistical mechanics framework.

1. Introduction

Bed load is composed of those sediment particles that are rolling, sliding, or saltating along the riverbed, fea-
tured by frequent contact with the surface layer [Einstein, 1937; Yalin, 1977; Van Rijn, 1984; Chien andWan, 1998].
Transport of bed load is the prevailingmode of sediment transport in gravel bed rivers or in coarse sand-bed rivers
under low flow conditions [e.g.,Métivier et al., 2004;Meunier et al., 2006; Liu et al., 2008]. As a result, understanding
and predicting bed load transport under various flow and boundary conditions have important implications for a
broad range of research applications such as studying bed form evolution for stratigraphic interpretation, bank
erosion, flood control, and stream restoration [e.g., Bagnold, 1977; Yalin, 1977; Best, 2005; Church, 2006].

Despite considerable research on bed load transport over the past several decades, the problem remains not
well understood. One of the main challenges lies on the fact that motions of individual particles happen ran-
domly, thus unveiling a highly complex stochastic process [e.g., Papanicolaou et al., 2002; Ancey et al., 2006;
Singh et al., 2009; Foufoula-Georgiou and Stark, 2010;Martin et al., 2012; Furbish et al., 2012a]. The stochasticity of
particle motion as bed load results from the complex particle/fluid, particle/particle, and particle/boundary in-
teractions. The first pioneering work focusing on the stochastic aspects of bed load transport can be tracked to
Einstein [1937]. Einstein [1950] considered that a single particle moved in discrete hops and was interrupted by
rest periods, and the statistical properties of hop distances and travel times were studied. Following the seminal
work of Einstein [1937, 1950], several researchers have proposed stochastic formulations for studying bed load
transport. For instance, the statistical properties of hop distances were studied from flume experiments [e.g.,
Tsujimoto, 1978; Schmidt and Ergenzinger, 1992; Hu and Hui, 1996; Niño and García, 1998a;Wong et al., 2007; Hill
et al., 2010] or field observations [e.g., Drake et al., 1988; Hassan et al., 1991, 2013]. Hunt [1999] applied a prob-
abilistic description borrowed from high-energy physics to study the entrainment of bed load particles, which
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considered the stream as a reservoir of kinetic energy, analogous to heat baths. Parker et al. [2000] assigned a
probabilistic structure not only to hop distance but also to entrainment and deposition and then proposed a
generalized probabilistic Exner formulation. Ganti et al. [2010] noted that the hop distance distribution of bed
load particles could be heavy tailed (the tail of the PDF following a power law) in certain cases and proposed an
anomalous advection-diffusion model for bed load transport. Bradley et al. [2010] revisited a 50 year old tracer
experiment in which the classical models performed poorly in predicting the tracer plume behavior; alterna-
tively, they proposed a fractional advection-dispersion model and showed that the prediction by the new
model fitted the experimental data quite well. Ancey et al. [2008] developed a framework based on a birth-death
immigration-emigration Markov process to describe the particle exchanges between the bed and the water
stream and showed how strong fluctuations in solid discharge could arise. Based on the framework described in
Ancey et al. [2008], Ancey [2010] further proposed a stochastic form of the Exner equation and showed that such
a model transformed into a Fokker-Planck representation in the large number limit.

As summarized above, it is noted that a growing number of methods borrowed from mathematics and
physics are used to investigate bed load transport, especially its stochastic (or probabilistic) characteristics.
However, most of the stochastic models are not physically based, at least at the particle scale, thus requiring
some input from experimental observations.

Recent improvements in experimental techniques allow to sample particle trajectories at high spatial and
temporal resolution. In particular, the experiments conducted by Roseberry et al. [2012] used high-speed
imaging technology with 0.004 s temporal resolution to measure coarse sand particles transported as bed
load over a plane bed consisting of erodible coarse sand particles without bed forms. The experimental
results revealed important characteristics of both individual particle motions (microscale) and the collective
behavior of these motions (macroscale). From the experimental data, Roseberry et al. [2012] showed that the
probability density functions (PDFs) of both the streamwise and cross-stream particle velocities are expo-
nential like (i.e., decay exponentially for both positive and negative velocities) and that the relationship
between hop distances and the associated travel times is nonlinear. An independent experiment conducted
by Lajeunesse et al. [2010] also showed the exponential-like PDFs of both the streamwise and cross-stream
particle velocities. Aside from the field of bed load transport, it is noted that the exponential-like PDF of
particle velocities has also been reported in the field of theoretical physics [Touchette et al., 2010; Baule and
Sollich, 2012] and granular materials [Murayama and Sano, 1998; Kawarada and Hayakawa, 2004]. The
presence of an exponential PDF in particle velocities by independent experiments indicates an emergent
property of bed load particle motion calling for a theoretical and physical explanation.

Toward this goal, Furbish et al. [2012a] formulated a random walk model, resulting from the solution of their
Fokker-Planck equation and informed by some key statistical properties of the particle velocity fluctuations ob-
served in the experimental data of Roseberry et al. [2012]. They showed that this model reproduces the expo-
nential-like PDFs of both the streamwise and cross-stream particle velocities and also the nonlinear relationship
between hop distances and travel times. More recently, Furbish and Schmeeckle [2013] used a probabilistic
derivation analogous to the formulation leading to Maxwell-Boltzmann distribution and showed that under
equilibrium state for a large number of particles, the probability of finding a physical system (or part of this
system) in a given state defined by its momentum is given by the exponential function. However, both models
(Furbish et al. [2012a] and Furbish and Schmeeckle [2013]) were formulated from a physically based statistical
perspective without explicitly accounting for the mechanistic forces acting on individual particles, i.e., for the
particle motion kinematics dictated by their interaction with the bed and the carrying fluid.

In this study, we propose such a mechanistic-stochastic formulation of particle motion in its simplest possible
form. Specifically, we begin by analyzing the forces exerted on a single particle and we formulate a Langevin
equation (LE), describing the evolution of a single particle’s velocity, in both the streamwise and cross-stream
directions. Then, the Fokker-Planck equation (FPE), describing the evolution of the PDF of particle velocities, is
derived from the Langevin equation. It is shown that the PDFs obtained by solving the FPE under equilibrium
conditions have exponential forms. We also simulate the velocity series of individual particles from the LE and
show the nonlinear relationship between hop distances and travel times.

To the best of our knowledge, no study has proposed a mechanistically formulated Langevin equation as the
starting point for deriving the Fokker-Planck equation to investigate bed load transport (see also the discussion in
Frey and Church [2011]). We hope that our development sheds light in this direction and provides further impetus
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for theoretical as well as experimental
studies at the particle scale in a Lagrangian
framework. The paper is structured as fol-
lows. In section 2, we present the derivation
of the Langevin equation for a single-parti-
cle velocity and the Fokker-Planck equation
for an ensemble of particles. In section 3 we
compare the theoretical results to the
experimental data of Roseberry et al. [2012].
In section 4 we discuss our results, including
a further analysis of the parameters in our
model, and in section 5 we present our
conclusions. In the appendix, we describe in
detail the derivation of the Fokker-Planck
equation from the Langevin equation.

2. Model Development
2.1. The Langevin Equation for a Single-Particle Velocity

We consider a two-dimensional steady water stream flowing down a bed of slope θ, composed of cohesionless
uniform spherical particles of consistent diameter d and density ρp.

The forces exerted on a single particle per unit mass in the streamwise direction illustrated in Figure 1 are
(1) the downslope component of submerged weight W sin θ (where W is submerged weight per unit mass),
(2) the resistance frictional force FFx due to the contact between bed load particles and the immobile bed,
and (3) the fluid drag force FDx. The lift force is not accounted for because its effect on particle movement was
observed to be relatively negligible for rolling and sliding regimes [Schmeeckle and Nelson, 2003].

Here we apply a Coulomb-like friction, which can be expressed in terms of the dynamic friction coefficient
and the perpendicular bed surface component of submerged weight of the particle as [Bagnold, 1966; Bridge
and Dominic, 1984]

FFx ¼ μW cos θ (1)

where μ is the dynamic friction coefficient. Strictly speaking, the Coulomb-like friction is only appropriate for a
sliding block on a plane [Gabet and Mendoza, 2012], and for granular materials with bumpy surface, μ is a function
of velocity [Batrouni et al., 1996; Ancey et al., 2003]. However, it is also universally applied in the study of particle
transport, and μ is assumed a constant [Bridge and Bennett, 1992; Parker et al., 2003; Abrahams and Gao, 2006].

So in this study for a particle in motion, the magnitude of friction is constant, but the direction is opposite to
the direction of velocity. As a result, the friction force has the form

FFx ¼ �Δx � sign up
� �

(2)

where Δx=μW cos θ is a shorthand notation, up is the particle velocity in the x direction, and sign(up) stands
for the sign of up, with the convention sign(0) = 0 [Touchette et al., 2010]

sign up
� � ¼

1; up > 0

0; up ¼ 0

�1 up < 0

8><
>: (3)

Based on the study of Schmeeckle et al. [2007] and the modification by Tregnaghi et al. [2012a], the actual
force exerted by the fluid on a particle can be expressed as

FDx ¼ 1
2
ρf CDAf ur u2r þ v2r þ w2

r

� �0:5 þ FAccx (4)

where ρf is the density of fluid, CD is the drag coefficient, Af is the area of the particle exposed to the fluid, ur, vr,
and wr are relative velocities between particle and fluid in the streamwise (x), cross-stream (y), and normal-
stream (z) directions, respectively, and FAccx is the acceleration force (sometimes called inertia force), which
is produced primarily by spatial pressure gradients and is usually difficult to estimate [Tregnaghi et al., 2012a].
The first term in equation (4) is not easy to estimate either, because of the temporal fluctuations of turbulent

Fx

FFx

Flow

Figure 1. Schematic diagram of forces exerted on a single particle in the
streamwise direction for rolling and sliding regimes: the friction force FFx,
the constant mean downstream force Fx, and the stochastic part ξx. The
friction force FFx has the form FFx=�Δx � sign(up), indicating that the mag-
nitude is constant but the direction is opposite to that of particle velocity;
the stochastic part ξxhas zeromeanandvariance hξx(t1)ξ(t2)i=2Dxδ(t2� t1).
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flows, local grain arrangement, exposure, and sheltering effects [Tregnaghi et al., 2012a], and even the value of
CD for bed load in boundary layers has not been fully clarified yet [Lee and Balachandar, 2012].

The kinematic behavior of each particle is unique, even under simple conditions such as steady unidirectional
turbulent flow over a plane sediment bed of uniform grains, due to the fluctuation of the resultant force
exerted on the particles. However, there is an average downstream force exerted by the fluid on the particle,

which allows us to decompose FDx into two parts: the average downstream drag forceFDx and the fluctuation

part F ′Dx , because most of the time up≪ uf , so for simplicity we assume FDx is independent of up.

To the best of our knowledge, no existing experimental studies have measured the forces exerted on particles in
motion as bed load. The experimental studies on stationary particles have shown that under the condition of high
relative turbulence intensities, the fluctuating component of the drag force is Gaussian like, partly due to the inertia
force FAccx which is proportional to the fluid acceleration duf /dt [Hofland et al., 2005; Hofland and Battjes, 2006;
Schmeeckle et al., 2007]. The experimental studies by Diplas et al. [2008] noted that the durations of the fluctuating
forces are very short (milliseconds or tens of milliseconds). If we estimate the response time of the particle as the
ratio between the settling velocity (computed as in Chien and Wan [1998]) and the acceleration due to gravity
[Zhong et al., 2011], we obtain values on the order of 0.1 s, overestimating by at least 1 order of magnitude the time
scale of the fluctuating forces observed by Diplas et al. [2008]. Therefore, the effect of turbulence on the fluctuating

drag F ′Dx
is perceived by each particle as a sequence of short time scale perturbations and thus can be modeled as

Gaussian white noise, as also proposed in the works of Touchette et al. [2010] and Kawarada and Hayakawa [2004].

Besides FDx, the friction force FFx is not steady either, and collisions between particles will also result in a fluctu-
ating force; we treat all the fluctuating components of forces as Gaussianwhite noise ξx. We also take the average

downstream drag force FDx and the downslope component of submerged weightW sin θ together as a constant
mean downstream force Fx. The forces exerted on a particle in the streamwise direction are sketched in Figure 1.

In addition, taking account of the friction force as expressed in equation (2), and by incorporating these three
forces FFx, Fx, and ξx into Newton’s second law, for a single particle per unit mass, we have

dup
dt

¼ �Δx � sign up
� �þ Fx þ ξx (5)

where the Gaussian white noise ξx follows

ξxh tð Þi ¼ 0

ξx t1ð Þξx t2ð Þh i ¼ 2Dxδ t2 � t1ð Þ
ξx t1ð Þξx t2ð Þ���ξx t2n�1ð Þh i ¼ 0

ξx t1ð Þξx t2ð Þ���ξx t2nð Þh i ¼ 2Dxð Þn
X

δ ti1 � ti2ð Þ���δ ti2n�1 � ti2nð Þ½ �

(6)

where t is the time, δ is the Dirac delta function, n is a positive integer, and Dx denotes the amplitude of the
fluctuating force (i.e., a measure of the variance of ξx).

Equation (5) is the Langevin equation (LE) which describes the evolution of up; the equation is a nonlinear
stochastic differential equation, and “white noise” refers to the δ correlation property of ξx, which ensures the
Markovian property of the process up(t) [Gardiner, 1983; Risken, 1989; Van Kampen, 2010].

Similarly, we arrive at the Langevin equation describing the evolution of the particle velocity in the cross-
stream direction vp:

dvp
dt

¼ �Δy � sign vp
� �þ ξy (7)

where the Gaussian white noise ξy follows

ξy
�

tð Þi ¼ 0

ξy t1ð Þξ t2ð Þ� � ¼ 2Dyδ t2 � t1ð Þ
ξy t1ð Þξy t2ð Þ���ξy t2n�1ð Þ� � ¼ 0

ξy t1ð Þξy t2ð Þ���ξy t2nð Þ� � ¼ 2Dy
� �nX δ ti1 � ti2ð Þ���δ ti2n�1 � ti2nð Þ½ �

(8)

where Dy denotes the amplitude of ξy. Equation (7) is a simpler form than equation (5) because the average
force in the cross-stream direction is zero.
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Many researchers have developed theoretical models for themotion of sediment particles in turbulent flow and
tried to calculate the forces exerted on particles accurately [e.g.,Wiberg and Smith, 1985, 1989; Niño and García,
1998b; Reynolds and Cohen, 2002; Schmeeckle and Nelson, 2003;Minier et al., 2004; Yeganeh-Bakhtiary et al., 2009;
Brouwers, 2010]. Here we adopt a simplified approach in which the forces acting on a particle are split into a
deterministic and a stochastic additive component. A similar treatment was also adopted in Jerolmack and
Mohrig [2005], in which the fluctuation in instantaneous bed stress was treated as stochastic by adding a
Gaussian white noise term, and therefore, a Langevin-like equation, although not acknowledged as such, was
obtained. For a definition of the Langevin equation in this context, see Appendix A.

2.2. The Fokker-Planck Equation for the PDF of the Ensemble Particle Velocities

From the Langevin equation, which describes the evolution of a single-particle velocity, we can derive the
Fokker-Planck equation which describes the PDF of the ensemble of particle velocities. The detailed derivation
is shown in Appendix A. The Fokker-Planck equation (FPE) derived from equations (5) and (6) for the PDF of up is

∂ρup
∂t

¼ � ∂
∂up

n
Fx � Δx �sign up

� �� �
ρup
o
þ Dx

∂2ρup
∂up2

(9)

where ρup is the PDF of up for a large number of particles.

Similarly, from equations (7) and (8), we derive the FPE for the PDF of vp

∂ρvp
∂t

¼ � ∂
∂vp

�Δy �sign vp
� �

ρvp
h i

þ Dy

∂2ρvp
∂vp2

(10)

where ρvp is the PDF of vp for a large number of particles.

Under the equilibrium condition, i.e., ∂ρup=∂t ¼ 0, we have

∂
∂up

Fx � Δx �sign up
� �� �

ρup � Dx

∂ρup
∂up

� 	
¼ 0 (11)

The term in {�} of equation (11) is referred to as the probability current [Risken, 1989]. For the natural boundary
conditions ρup þ∞ð Þ ¼ 0, the probability current is zero [Risken, 1989], so we have

Fx � Δx �sign up
� �� �

ρup � Dx

∂ρup
∂up

¼ 0 (12)

By integrating equation (12), we obtain

ρup up
� � ¼ C exp

�Δx up


 

þ Fxup
Dx

� �
(13)

where C is the normalization constant (i.e., the integration of equation (13) with respect to up is unit), whose
value can be determined as

C ¼ Δx
2 � Fx2

2ΔxDx
(14)

Following the above derivation, we obtain the solution of the FPE under the equilibrium condition

ρup up
� � ¼ Δx

2 � Fx2

2ΔxDx
exp

�Δx up


 

þ Fxup
Dx

� �
(15)

Equation (15) is the theoretical PDF of particle streamwise velocities under equilibrium condition showing an
exponential-like distribution; note that even though both sides of the distribution (for up< 0 and up> 0) are
exponential, they are asymmetric. If Fx> 0, more particles have positive velocities and vice versa. The values
of the ratios Δx/Dx and Fx/Dx determine the shape of the PDF: the larger the value of Δx/Dx, the narrower the
PDF is and the larger the value of Fx/Dx, the more asymmetric the PDF is.

Similarly, equation (10) can also be solved under the equilibrium condition as

ρvp vp
� � ¼ Δy

2Dy
exp

�Δy vp


 



Dy

� �
(16)

Equation (16) is just a two-sided exponential distribution (also referred to as Laplace distribution), which is
symmetrical about vp=0. The value of Δy /Dy determines the shape of the PDF, with increasing values of Δy/Dy

implying a narrower distribution.
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Both equations (15) and (16) are exponen-
tial-like distributions; these theoretical dis-
tributions are consistent with the individual
experimental data from Lajeunesse et al.
[2010] and Roseberry et al. [2012].

3. Comparison With
Experimental Data
3.1. Experimental Data

Roseberry et al. [2012] conducted a set of
experiments within an 8.5m×0.3m flume
in the River Dynamics Laboratory of Arizona
State University. The erodible bed was
composed of relatively uniform sand with
an average diameter of 0.5mm. The Froude
number Fr varied from 0.30 to 0.35, the
Shields number τ* varied from 0.034 to
0.063, and the particle Reynolds number Re*
ranged from 8.25 to 11.4, which indicated

transitionally rough beds. The flow rate was low enough that no bed form was produced. The high-speed im-
aging of particle motions was 250 frames per second over durations ranging from 0.4 to 19.6 s. It was consid-
ered that a particle with up= vp=0 was at rest. Conversely, a particle was considered to be in motion if either up
or vp was finite, and then it was included in the statistical analysis.

The set of experiments comprises six runs (R1A, R2A, R3A, R5A, R2B, and R3B). For R3B, the temporal resolu-
tion was 0.004 s, and 12,944 paired velocity components (up and vp) were involved, which was much more
than the other experiments. As a result, we used the data from R3B, although in all runs the PDFs of
streamwise and cross-stream velocities are exponential like [Roseberry et al., 2012]. For more details about the
experiments, see Roseberry et al. [2012].

3.2. PDF of Particle Velocities

We calibrate the theoretical PDFs provided by our model using the velocity data from R3B by Roseberry et al.
[2012]. First, we compute the empirical PDF from the experimental streamwise velocity data, and then we
compare it to the theoretical PDF described by equation (15) to obtain the following parameter relationships

Δx/Dx=1.64 s � cm� 1 and Fx/Dx=1.42 s � cm� 1

using least squares regression on semilog
plot. Figure 2 shows the PDF of up from
both the experimental data and the fitted
theoretical curve proposed by our model.
We note that the experimental data contain
a small portion of negative up, which was
neglected in the statistical analysis of
Furbish et al. [2012a], and their random
walk model could not produce negative
velocities either. Our model is able to con-
sider negative up, and the theoretical PDF
agrees with the experimental data quite
well for both positive up and negative up.

We follow the same procedure for cross-
stream velocities, computing the empirical
PDF using the experimental data and then
comparing it with the theoretical PDF
described by equation (16) to obtain the

Figure 2. Empirical PDF of particle streamwise velocity up extracted from
the experimental data by Roseberry et al. [2012]. The semilog plot (inset)
shows both the empirical PDF of the experimental data (black dots) and the
theoretical PDF (equation (15)) fitted to these data (solid line). Least squares
regression gives the relationΔx/Dx=1.64 s � cm�1 and Fx/Dx=1.42 s � cm�1.

Figure 3. Empirical PDF of particle cross-stream velocity |vp| extracted
from the experimental data by Roseberry et al. [2012]. The semilog plot
(inset) shows both the empirical PDF of the experimental data (black dots)
and the theoretical PDF, equation (16), fitted to these data (solid line).
Least squares regression gives the relation Δy/Dy=0.714 s � cm- 1.
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parameter ratio as Δy/Dy=0.714 s � cm� 1.
Because the distribution is symmetric, we
only refer to the magnitude of the cross-
stream velocity |vp|. Figure 3 shows the
PDF of |vp| from both the experimental
data and our fitted theoretical model.

From the calibration of our model for the
streamwise velocities, we obtained the
values of the ratios Δx/Dx and Fx/Dx;
therefore, by determining independently
one of the three parametersΔx, Fx, andDx,
we can compute the remaining ones.
Among them, Δx which can be expressed
as Δx=μW cos θ is the easiest to deter-
mine, under the assumption that the var-
iability of the local slope, at the grain scale,
is negligible (implying a perfectly inclined
bed, which is a reasonable assumption at
low transport rates, with no bed forms
and uniform grain size distribution). The
value of the friction coefficient μ for par-
ticles moving in water has been studied
intensively [e.g., Bagnold, 1966, 1973;
Hanes and Bowen, 1985; Bridge and
Bennett, 1992; Abrahams, 2003; Abrahams
and Gao, 2006], and Abrahams and Gao
[2006] noted that the value of μ could be
taken as 0.6. Thus, given the water and
sandparticle densities of ρf=1000 kg �m� 3

and ρp=2650 kg �m� 3, respectively, and
assuming the slope negligible (a valid

assumption for the experiment of Roseberry et al. [2012]), i.e., implying cosθ→1, we obtain Δx=3.66 m � s� 2.
Considering the above obtained relationships Δx/Dx=1.64 s � cm� 1 and Fx/Dx=1.42 s � cm� 1, we then compute
the values Fx=3.17 m � s� 2 and Dx=0.0223 m2 � s� 3 for the R3B of the experiment by Roseberry et al. [2012].

3.3. Numerical Simulation of the Langevin Equation

While the FPE solution provided in equation (15) gives the theoretical PDF of up, we need the LE described in
equations (5) and (6) to get up for individual particles. We resort to a stochastic Runge-Kutta numerical algorithm,
to discretize equations (5) and (6) as [Zhang, 2007]

F1 ¼ �Δx �sign up tð Þ þ w1
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2DxΔt

p� �þ Fx

F2 ¼ �Δx �sign up tð Þ þ Δt �F1 þ w2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2DxΔt

p� �þ Fx

up t þ Δtð Þ ¼ up tð Þ þ 1
2
F1 þ F2ð ÞΔtþ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2DxΔt

p
(17)

where F1 and F2 are Runge-Kutta coefficients, andw0, w1, w2 are independent random numbers picked from
a standard Gaussian distribution with zero mean and unit variance, which are created by the Box-Muller
method [Zhang, 2007].

With the values of the parameters obtained before, i.e.,Δx=3.66m � s� 2, Fx=3.17m � s�2, andDx=0.0223m
2 � s� 3,

we simulated the series of up for 100,000 particles with zero initial up for all the particles. The time step usedwas
Δ=1×10� 4 s, while the temporal solution of the experiments was 4×10� 3 s; as a result, we averaged every 40
values in our simulation, in order to match the time intervals of adjacent velocities of the experimental data. An

(a)

(b)

Figure 4. An example of simulated results for a single particle from 3.0 to
4.0 s by the numerical simulation of the Langevin equation (LE) (equation
(17)). (a) The time series of streamwise velocity up. (b) The time series of
streamwise acceleration ax.
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example of the simulated series of the
streamwise velocity up and streamwise
acceleration ax of a single particle is shown
in Figure 4. We extracted the PDF from
these simulated up; the PDF was consid-
ered steady within a period ts (ts≈ 0.8 s).
Figure 5 shows the PDF of up both
extracted from the simulated data at the
end of 2 s and the theoretical model pro-
vided by equation (15). As expected, the
two PDFs are in good agreement, vali-
dating the numerical simulation of the
particle motions described by the LE.

3.4. Accelerations of Particles

The particles entrain and stop, so the
ensemble-averaged particle acceleration
equals zero for steady state conditions
[Furbish et al., 2012a]. We study the accel-
eration of particles from the simulated
velocities’ series and verify that when the

particles have reached the steady state conditions, the distribution of particle acceleration ax is Gaussianwith a zero
mean value (Figure 6). Formore details on the particle accelerations, see the discussion in section 4.1. We recall that
our model derivation is relevant for low transport conditions where rolling and sliding (rather than saltating) grains
dominate (see also discussion in section 4.1). Thus, we clarify that hop distance here refers to the travel distance
between two consecutive stops (up=0) and travel time to the time elapsed between these two consecutive stops.

3.5. Hop Distance and Travel Time

Under our model we can also study the hop distance λ and travel time τ. We use the stochastic Runge-Kutta
algorithm described in equation (17) to simulate the movement of 100 particles for a duration of 0.4 s and
assume that if the velocity falls below zero, the particle is disentrained; this treatment is similar to [Furbish
et al., 2012a] in the study of hop distances and travel times by their random walk model.

We compare our results to the experimental
data by Roseberry et al. [2012] as shown in
Figure 7; both show similar behavior and
indicate the relation λ∞τ5/3 as the solid line,
which has also been shown by Roseberry
et al. [2012] and Furbish et al. [2012a]. The
results of our model (black circles) fit the
experimental data (white circles) at least as
well as the model by Furbish et al. [2012a]
(see their Figure 17). Even though these re-
sults are obtained from one realization only
andmight differ somewhat among different
realizations, one can observe that our model
seems to slightly underestimate the hop
distances for large travel times, while the
opposite trend is observed in the model of
Furbish et al [2012a] (compare our Figure 7
with their Figure 17). It is worth repeating
here that, as is the case of the model of
Furbish et al. [2012a], our model described by
equation (17) does not know how λ and the
associated τ relate to each other, as it only

Figure 5. Empirical PDF of particle streamwise velocity up extracted from
100,000 numerically simulated particles (histogram) by the numerical
simulation of the LE as equation (17) and the theoretical model (solid
line) by the FPE as equation (15). The semilog plot (inset) highlights that
the PDF is exponential like.

Figure 6. Empirical PDF of particle streamwise acceleration ax extracted
from 100,000 numerically simulated particles for steady state conditions
and the fitted zero-mean Gaussian distribution shown as the solid line.
The simulated distribution is qualitatively similar to that obtained from
the statistical analysis of the experimental data by Furbish et al. [2012a]
and an independent experimental study by Ramesh et al. [2011], but our
figure is fuller because of the larger number of simulated data.
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considers the property of the forces exerted
on particles; thus, the correct λ, τ relation-
ship emerges from our model as a conse-
quence of the prescribed particle dynamics.

4. Discussion
4.1. The Validity of Our Model

In the development of our model, the fric-
tion forces between the particles and the
bed play an important role. As a result, our
model is limited to low transport rate con-
ditions where rolling and sliding are the
dominant mode of the particles’ motion.
The experimental data analyzed here (R3B)
were obtainedwith τ* =0.05, thus below the
threshold for saltation (τ* < 0.1) identified
by Hu and Guo [2011]. As the bed shear
stress increases, saltating replaces rolling
and sliding and becomes the main regime
of particles’motion [Van Rijn, 1984]. Another
assumption embedded in our model is that

only the particles on the top of the bed surface can move; this assumption becomes invalid under high transport
rate conditions because a sheet consists of several layers of moving particles [Hanes, 1986; Gao, 2008].

Our model is thus developed for low transport rate conditions, e.g., the mean activity (number of moving par-
ticles per unit area) for R3B in Roseberry et al. [2012] is only 2.83 cm�2, while the aerial density of particles is about
400 cm�2. A large number of investigations also focused on low transport rate conditions [e.g., Nikora et al., 2002;
Seminara et al., 2002; Parker et al., 2003; Francalanci and Solari, 2007;Wong et al., 2007; Diplas et al., 2010; Furbish
et al., 2012c; Martin et al., 2012], as sediment transport is such a complex process that it is almost impossible to
develop a comprehensive framework focusing on all aspects of the problem [e.g., Ancey et al., 2008].

Our model attempts to capture in the simplest possible form the dominant physical mechanisms of particle
motion and is very parsimonious (three parameters). In addition to the ability to reproduce the exponential PDF
of particle velocities and the nonlinear relationship between hop distances and travel times, the simulation
results show that it can qualitatively reproduce the PDFs of particle displacements qu= up(t+Δ)� up(t) condi-
tioned on the streamwise particle velocity up (Figure 8) as suggested from the experimental data [Furbish et al.,
2012a, Figure 6]. Specifically, Figure 8 demonstrates that our model can reproduce the positive skewness of
particle displacements for small velocities and the negative skewness for high velocities; however, it results in a
range of velocity displacements which is narrower than that reported in Furbish et al. [2012a], especially for
large velocities. We recall that ourmodel has three parameters, out of whichΔxwas independently estimated as
a function of the dynamic friction coefficient μ assumed to be equal to 0.6. If we relax this assumption and
consider a larger value μ=0.8 (while maintaining the ratios Δx/Dx and Fx/Dx), the Fx and Dx parameters will be
larger and the particle displacement PDFswill increase in their range (this was verified by simulation). Physically,
this is justified in the sense that an increased friction coefficient will require a larger downstream force Fx and a
larger variability in the stochastic componentDx in order to preserve the same distribution of particle velocities.

To provide more insight into the discrepancies between the observed PDFs of particle displacements and
those produced by our model, we note that our model treats the fluctuating forces exerted on a single
particle as a Gaussian white noise, with constant variance regardless of the height and velocity of the particle.
While this assumption is consistent with near-bed physical processes (particle wall collisions, turbulent
characteristic in the roughness sublayer), it may not be appropriate for the logarithmic and outer layers.
Particles moving with a relatively high velocity are likely to be ejected out of the roughness sublayer and
entrained by the large and very large scale turbulent structures that populate the logarithmic layer [e.g.,
Guala et al., 2006, 2011; Monty et al., 2007; Keylock et al., 2013]. These structures are organized, spatiotem-
porally coherent, extending in the streamwise direction 6–10 times the outer scale (in this specific case, the

Figure 7. Plot of hop distance λ versus associated travel time τ shows the
relation λ/ τ5/3 (solid line); black circles are obtained from themodel in this
paper, involving 168motions of 100 particles, andwhite circles are obtained
from the experimental data of R3B by Roseberry et al. [2012], involving 153
motions of 100 particles. Hop distances smaller than 0.005 cm from both
the experiment and the simulation are ignored.
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flow depth), and their signature on the particle forces cannot be correctly described by a simple Gaussian
white noise model of constant variance. The reason for the discussed discrepancies of the velocity dis-
placement statistics for large particle velocities is thus intrinsically related to the simplification introduced in
our stochastic model versus the complex vertical structure of the rough wall turbulent boundary layer. We
note that the variance of the stochastic term in the random walk model of Furbish et al. [2012a] was selected
to vary linearly with the square of the particle velocity, a parameterization directly suggested by the exper-
imental data and indicating a coupling (via the local particle velocity) of the advective and diffusive mo-
mentum forces, in both the streamwise and cross-stream directions. It is no doubt that our model misses
some details of this force coupling and further work should address this shortcoming. Ultimately, all these
aspects need to be studied in a Lagrangian frame of reference in order to capture the physical mechanisms

Figure 8. Histograms of the velocity displacements qu= up(t+Δt)� up(t) calculated from simulated particlemotions and con-
ditioned on the particle velocity up, varying in the indicated range for each panel (n indicates the number of data points used
to compute each histogram). See Figure 6 in Furbish et al. [2012a] for comparison, but note the different x axis range.
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responsible for entrainment and
disentrainment along the particle tra-
jectories and better interpret the condi-
tioned statistics on particle velocity.

4.2. Further Analysis of
the Parameters

There are three parameters in our model
describing the streamwise motion for
particles:Δx, Fx, andDx. Among themΔx is
explicit as discussed in sections 3.2 and
4.1; Fx, which is the average downstream
force, must be smaller than Δx, or the
model will be invalid mathematically. This
limitation can be understood since our
model is only applicable for low transport
rate conditions. Under such conditions,
the particles’ velocity will increase as the
bed stress increases and, as a result, the
relative velocity between the particles

and the neighboring fluid will decrease together with the drag force. These analyses are consistent with previous
studies by Dominic [1983] and Bridge and Dominic [1984].

Dx denotes the amplitude of the fluctuating force, a new parameter introduced by our model, which requires
further study. Below, we demonstrate that Dx relates linearly to the bed friction velocity u*. Given equation
(15), multiplying up, and integrating with respect to up, we obtain the average of up:

up ¼ ∫
þ∞

�∞
up
Δ2
x � F2x
2ΔxDx

exp
�Δx up



 

þ Fxup
Dx

� �
dup ¼ 2FxDx

Δ2
x � F2x

(18)

Equation (18) indicates up / Dx. Six runs of the experimental data set from Roseberry et al. [2012] confirm the
linear relationship betweenup and the bed friction velocity u* (Figure 9). From a linear regression we obtained
the formula below:

up ¼ 4:0 u� � 0:55u�cð Þ (19)

where u* c is the critical bed friction velocity calculated from the critical Shields number τ* c= 0.03 [Shields,
1936]. The linear relationship between up and u* is consistent with the result by Roseberry et al. [2012], using
the same data, who proposed the relation up ∼

ffiffiffiffi
τ�

p
. The data in Figure 9 are a bit scattered due to the limited

number of experimental data (only six runs, with the duration of the experiments varying from 0.4 s to 19.6 s).
However, the trend is clear. Apart from the results from the experimental data we used in this study, many
studies have presented the relationup ¼ a u� � bu�cð Þ (where a and b are coefficients) derived experimentally
[e.g., Fernandez-Luque and Van Beek, 1976; Abbott and Francis, 1977; Niño et al., 1994;Meier, 1995; Hu and Hui,
1996] or theoretically [e.g., Bridge and Dominic, 1984; Wiberg and Smith, 1989]. A comprehensive review by
Lajeunesse et al. [2010] suggested that the coefficient awas in the range of 4.4 ~ 5.6 for an erodible bed, while
our result indicates a value a little smaller than this range.

As a result of this, we have Dx / u�. Since Dx has the dimension [L2 � T� 3], we can propose the relationDx / u�g.
From the Reynolds stress intensity close to the wall boundary for turbulent open channel flows [Nezu and
Nakagawa, 1993; Nezu and Sanjou, 2011], u* is derived and can be used as a scale for turbulence intensity near
the bed [Nezu and Rodi, 1986]. Following the above consideration and recalling the Townsend similarity on
rough wall boundary layers [Flack et al. 2005], the new parameter Dx in our model can be interpreted as a
measure of the turbulence intensity near the bed surface and may possibly be derived independently.

Previous studies have shown that fluctuating forces play an important role in sediment transport [e.g.,
Schmeeckle and Nelson, 2003; Sumer et al., 2003; Cheng et al., 2004; Schmeeckle et al., 2007; Valyrakis et al., 2010;
Tregnaghi et al., 2012b]. For example, Sumer et al. [2003] experimentally showed that the transport rate can

Figure 9. Plot of bed friction velocity u* versus associated mean particle
velocity up from the experiments conducted by Roseberry et al. [2012], which
shows the linear relation up / u� (solid line). Specifically the fitted rela-
tionship is up ¼ 4:0 u� � 0:55u�cð Þ.
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vary up to 50 times without changes in the
average bed shear stress, only by altering
the turbulence fluctuations, especially
under low transport rate conditions.
Schmeeckle et al. [2007] noted that the
fluctuating forces were responsible for
entraining and moving the particles, rather
than any average characteristic of the flow.
Our study indicates that particles can move
even when the average downstream force
is less than the resistant force, namely,
Δx=3.66 m � s� 2 and Fx= 3.17 m � s� 2,
which stresses the importance of stochastic
forces in sediment transport.

4.3. Singularity of the Model

For this study, the point where the particle
velocity is zero is a singular point. As the
Coulomb-like friction is adopted, we use
the sign function sign(�) and adopt the

convention of sign(0) = 0. This convention was also used in the fields of theoretical physics by de Gennes [2005]
and Touchette et al. [2010] and granular materials by Kawarada and Hayakawa [2004]. As shown in Figure 10, the
friction force FFx is discontinuous at the point up=0. The FPE is however considered to be valid, even though the
discontinuous point exists [Kawarada and Hayakawa, 2004; Touchette et al., 2010]. The numerical simulation of
the LE in this study confirms that the FPE is applicable (Figure 5), and the discontinuity produces a cusp singular
point in the PDF given by the FPE. The mathematical proof is beyond the scope of this study.

In principle, the point up= 0 is not only discontinuous but also multivalued, as the friction force FFx can
range from �Δx to Δx. As a result, when the magnitude of the particle velocity falls to zero, the particle
will stop for a while, rather than move immediately; this phenomenon is called “stick slip” in the field of
theoretical physics [e.g., Heslot et al., 1994; Urbakh et al., 2004; Touchette et al., 2012]. However, in our
study, as well as in the models by Kawarada and Hayakawa [2004] and Touchette et al. [2010], the con-
vention of sign(0) = 0 (single valued) is adopted, that is, we remove the singularity from the function but
preserve it in its derivative. This implies that the simulated particles are always in motion (Figure 4), and
the stick-slip phenomenon, i.e., that once a particle disentrains, it might wait for a while to entrain again
[Valyrakis et al., 2011; Heyman et al., 2013], cannot be reproduced in our model. In a future study we will
incorporate waiting times in our proposed model to simulate stick-slip behavior and explore its effect on
the characteristics of bed load transport.

5. Conclusions

In this paper we describe a hybrid mechanistic-stochastic model for bed load transport under low transport
rate conditions (i.e., rolling and sliding regimes). The model is inspired by the recent work reported in Furbish
et al. [2012a, 2012b] and references therein. It comprises (1) the Langevin equations (LE) in the streamwise
and cross-stream directions, which describe the evolution of velocities of individual particles as a function of
the actual forces exerted on them, thus based on the microscale system properties, and (2) the Fokker-Planck
equations (FPE) derived from the LEs, which express the PDF of velocities of the ensemble of particles, thus
describing the macroscale statistical properties of the system. The derivation of the FPE from the mecha-
nistically formulated LE, representing a key contribution in this work, provides in fact a physically based
connection between the statistical description of sediment transport and the fluctuating forces exerted on
individual particles associated with the unsteady component of drag and friction due to turbulence and
particle bed interactions.

Our study indicates that the exponential-like PDFs of particle velocities which have been reported from
experimental studies for bed load particles under quasi-steady conditions [Roseberry et al., 2012] result

Figure 10. Sketch of the singularity of the friction force FFx. The con-
vention sign(0) =0 introduces a discontinuity of FFx at the point up=0;
however, this point is not only discontinuous but also multivalued as FFx
can range from �Δx to Δx (the gray thick line).
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theoretically from the forces exerted on the individual particles, specifically from the friction force FFx, the av-
erage downstream force Fx, and the stochastic component ξx, assumed Gaussian white noise with variance Dx.

In addition to the particle velocity distribution, the simulated trajectories obtained from the LE allow us to
quantify the hop distance λ and travel time τ and to satisfactorily compare their relationship with the ex-
perimental data, confirming the nonlinear dependency λ/ τ5/3 and suggesting a correct representation of
the micro scale properties of the system.

Our model also allows particles to move even when the average downstream force is less than the resistance
force, which stresses the importance of stochastic forces in sediment transport [e.g., Schmeeckle et al., 2007].
This is emphasized by the parameter Dx, which is dimensionally expressed as Dx / u�g, and thus related to
turbulence intensities near the bed surface. While the stochastic component of the model correctly describes
most of the mechanisms occurring at the particle scale (especially at the wall as implied in Dx/ u*g), it
however fails to reproduce some phenomena observed in the experiments, such as the stick-slip phenom-
enon of particle motions [Heyman et al., 2013] and the strong tails in the distribution of particle acceleration
for relatively large particle velocities [Furbish et al., 2012a]. We suggest that these limitations can be attributed
to the strong coherence of turbulent structures (above the roughness sublayer), which cannot be included in
our stochastic model. We hope to extend our analysis in future work to other aspects of bed load transport,
e.g., particle dispersion and multiscale properties.

Appendix A: Langevin and Fokker-Planck Equations
The derivation presented here is a simplified form of the derivation presented in Risken [1989].

The Langevin equation for particle streamwise velocity is

dup
dt

¼ f up
� �þ ξ tð Þ (A1)

The Langevin force ξ(t) is Gaussian white noise

ξh tð Þi ¼ 0

ξ t1ð Þξ t2ð Þh i ¼ 2Dxδ t2 � t1ð Þ
ξ t1ð Þξ t2ð Þ���ξ t2n�1ð Þh i ¼ 0

ξ t1ð Þξ t2ð Þ���ξ t2nð Þh i ¼ 2Dxð Þn∑ δ ti1 � ti2ð Þ���δ ti2n�1 � ti2nð Þ½ �

(A2)

where δ is the Dirac delta function, which refers to the “white” property of the noise.

When f(up) is nonlinear, it is difficult to solve (A1) directly, so we focus on the evolution of the probability

density function of x: ρup up; t
� �

. The partial derivative ρup up; t
� �

with respect to t satisfies

∂ρup up; t
� �
∂t

¼ lim
Δt→0

ρup up; t þ Δt
� �� ρup up; t

� �
Δt

(A3)

The process up(t) is a Markov process, so we have the Chapman-Kolmogorov equation

ρupðup; t þ ΔtÞ ¼ ∫
þ∞

�∞

p up; t þ Δt u′p; t



� �

ρup u′p; t
� �

du′p (A4)

where p up; t þ Δtju′p; t
� �

is the transition probability between t and t+Δt.

According to the property of the Dirac delta function, we have

p up; t þ Δtju′p; t
� �

¼ ∫
þ∞

�∞

δ y � up
� �

p y; t þ Δtju′p; t
� �

dy (A5)
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By expanding the Dirac delta function as a Taylor series, we get

δ y � up
� � ¼ δ y � u′p þ u′p � up

� �
¼ ∑

∞

n¼0

y � u′p
� �2

n!
∂
∂u′p

 !
δ u′p � up
� �

¼ ∑
∞

n¼0

y � u′p
� �2

n!
� ∂
∂up

� �n

δ u′p � up
� �

(A6)

Substituting (A6) into (A5) gives

p up; t þ Δtju′p; t
� �

¼ ∑
∞

n¼0

1
n!

� ∂
∂up

� �2

∫
þ∞

�∞

up � u′p
� �n

p y; t þ Δtju′p; t
� �

dy

 !
δ u′p � up
� �

(A7)

Let Mn u′p; t;Δt
� �

denote the nth moment centered at the initial value x’, which satisfies

Mn u′p; t;Δt
� �

n ¼ ∫
þ∞

�∞

δ y � u′p
� �n

p y; t þ Δtju′p; t
� �

dy ¼ u′p t þ Δtð Þ � u′p tð Þ
D En

(A8)

The h � i denotes average, so we rewrite (A7) as

p up; t þ Δtju′p; t
� �

¼ 1þ ∑
∞

n¼1

1
n!

� ∂
∂up

� �n

Mn u′p; t;Δt
� �" #

δ u′p � up
� �

¼ 1þ ∑
∞

n¼1

1
n!

� ∂
∂up

� �n

Mn up; t;Δt
� �" #

δ up � u′p
� �

(A9)

Substituting (A4) and (A9) into (A3) gives

∂ρup up; t
� �
∂t

¼ lim
Δt→0

ρup up; t þ Δt
� �� ρup up; t

� �
Δt

¼ ∑
∞

n¼1
� ∂
∂up

� �n

Dn up; t
� �

n
	
ρup up; t
� ��

(A10)

where the Kramers-Moyal coefficients Dn(up, t) are defined as

Dn up; t
� � ¼ lim

Δt→0

Mn up; t;Δt
� �
n!Δt

(A11)

(A10) and (A11) are Kramers-Moyal Expansion for Markov process.

To derive these Kramers-Moyal coefficients, we first write the Langevin equation (A1) in the form of an
integral equation

up t þ Δtð Þ � up tð Þ ¼ ∫
tþΔt

t

f up t′
� �� �þ ξ t′

� �� �
dt′ (A12)

Then, assuming that f can be expanded as a Taylor series

f up t′
� �� � ¼ f up

� �þ f ′ up
� �

up t′
� �� up

� �þ 1
2
f ″ up
� �

up t′
� �� up

� �2 þ⋯ (A13)
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Respectively, f ' and f " denote the first- and second-order derivates with respect to x. Inserting (A13) into (A12)
leads to

up t þ Δtð Þ � up tð Þ ¼ ∫
tþΔt

t

f up
� �

dt′þ ∫
tþΔt

t

f ′ up
� �

up t′
� �� up

� �
dt′

þ 1
2 ∫
tþΔt

t

f ″ up
� �

up t′
� �� up

� �2
dt′ þ ��� þ ∫

tþΔt

t

ξ t′
� �

dt′
(A14)

For up(t')� up in the integrand, we iterate (A13), producing

up t þ Δtð Þ � up tð Þ ¼ ∫
tþΔt

t

f up
� �

dt′þ ∫
tþΔt

t

f ′ up
� �

∫
t′

t

f up
� �

dt″dt′þ ∫
tþΔt

t

f ′ up
� �

∫
t′

t

ξ t″
� �

dt″dt′ þ ��� þ ∫
tþΔt

t

ξ t′
� �

dt′ (A15)

By repeated iterations of only Langevin forces, the known function f and its derivates appear on the right side
of (A14).

From the property of the Langevin force as (A2), it follows that

∫
tþΔt

t

���ξ t1ð Þ∫
t1

t

���ξ t2ð Þ∫
t2

t

���ξ t3ð Þ��� ∫
t2n�2

t

���ξ t2n�1ð Þdt1dt2���dtm
+

¼ 0

*
(A16)

∫
tþΔt

t

���ξ t1ð Þ∫
t1

t

���ξ t2ð Þ∫
t2

t

���ξ t3ð Þ��� ∫
t2n�2

t

���ξ t2nð Þdt1dt2���dtm
+

¼ o Δtm�nð Þ
*

(A17)

Bothm and n are positive integers and assumingm≥ n. So if we now take the average of (A15), and using the
agreements as (A16) and (A17), most components vanish, and we obtain

M1 up; t;Δt
� � ¼ up t þ Δtð Þ � up tð Þ� �

¼ ∫
tþΔt

t

f up
� �

dt′ þ ∫
tþΔt

t

f ′ up
� �

∫
tþΔt

t

f up
� �

dt″dt′ þ ���
* +

¼ f up

�
Δt þ o Δt2ð Þ

�
(A18)

Then we get the first-order Kramers-Moyal coefficient

D1 up; t
� � ¼ f up

� �
(A19)

and similarly

M2 up; t;Δt
� � ¼ up t þ Δtð Þ � up tð Þ� �2D E

¼ ∫
tþΔt

t
∫

tþΔt

t

2δ t′ � t″
� �

dt′dt″ þ ���
* +

¼ 2DxΔt þ o Δt2ð Þ (A20)

For the second-order Kramers-Moyal coefficient

D2 up; t
� � ¼ Dx (A21)

For n≥ 3, all Kramers-Moyal coefficients vanish. So we obtain the Fokker-Planck equation

∂ρup up; t
� �
∂t

¼ � ∂
∂up

f up
� �

ρup up;t
� �h i

þ Dx

∂2ρup up; t
� �
∂u2p

(A22)

Here f(up) =�Δx � sign(up) + Fx, so equation (A22) turns into

∂ρup
∂t

¼ � ∂
∂up

Fx � Δx �sign up
� �� �

ρup

	
þ Dx

∂2ρup
∂u2p

(
(A23)
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Notation

Af area of the particle exposed to the fluid [L2].
a, b linear regression coefficients for mean particle velocity (see equation (19)).
ax acceleration in the streamwise direction [L �T� 2].
C normalization constant for the PDF [L� 1 � T] (see equation (13)).

CD drag coefficient.
Dn nth-order Kramers-Moyal coefficients (see equation (A11)).

Dx, Dy parameters denoting the amplitude of fluctuating force in streamwise and cross-stream
directions [L2 � T� 3] (see equation (6)).

d particle diameter [L].
FAccx the acceleration force of a particle per unit mass [L �T� 2].
FDx actual force exerted by the fluid on a particle per unit mass in streamwise direction [L �T� 2].

FFx, FFx friction force exerted on a particle per unit mass in streamwise and cross-stream direction [L �T� 2].
Fr Froude number.
Fx mean downstream force exerted on a particle per unit mass [L �T� 2].

F1, F2 Runge-Kutta coefficients.
g gravitational acceleration [L �T� 2] .

Mn nth moment centered at the initial value.
p the transition probability.

Re* particle Reynolds number in which Re* = u*d/υ
t time [T]
ts period for an ensemble of particle to reach the steady state condition starting from zero velocity

by equation (17) [T].
uf fluid velocity [L �T� 1].

up, vp velocity of a particle in streamwise and cross-stream directions [L �T� 1].
ur relative velocity between particle and fluid in streamwise direction [L �T� 1].
u* bed friction velocity [L �T� 1].
u�c critical bed friction velocity [L �T� 1].
vr relative velocity between particle and fluid in cross-stream direction [L �T� 1].
W submerged weight of a particle per unit mass [L �T� 2].

w0, w1 w2 three independent standard Gaussian distribution random numbers.
wr relative velocity between particle and fluid in the vertical direction [L �T� 1].

Δx, Δy shorthand expressions for friction force in streamwise and cross-stream directions [L �T� 2] (see
equation (2)).

δ Dirac delta function.
λ hop distance of a particle [L].
μ dynamic friction coefficient.
o order of the magnitude of the variable.
θ slope of bed.

ρf, ρp density of fluid and particle [M � L� 3].
ρup ; ρvp PDF of the particle streamwise and cross-stream velocities [L� 1 � T].

τ travel time of a particle [T]
τ* dimensionless bed stress or Shields number [1].
τ�c critical dimensionless bed stress [1].

ξx, ξy Gaussian white noise in streamwise and cross-stream directions [L �T� 2] (see equations (5) and (7)).
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