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Abstract This study analyzes the nonlinear nature of gravel bed elevation data series obtained in a large
scale flume facility for four different discharges, including spatial transect series and temporal series at a
fixed location. The goals are to infer the degree of complexity, to assess the scales and features in the
signals that mostly contribute to this complexity, and to discern the difference in the manner in which this
complexity is expressed in time and space. The asymmetry series (magnitude of the first-order derivative of
the signal over a separation distance, Δ, raised to the third power) of the bed elevation data forms the basis
of our nonlinearity analysis. An important and novel dimension is the adoption of a recently introduced
approach to surrogate data generation, gradual wavelet reconstruction. This produces partially linearized
counterparts of the original series that preserve an increasing degree of the underlying nonlinear structure
in the original data, while randomizing the rest. This allows us to discern the difference in the manner in
which the nonlinear asymmetry is expressed in the temporal and spatial data series. Comparison in the real
and phase space of the original and surrogate series is performed, and the analysis reveals that the
complexity of both spatial and temporal series increases with discharge and that the nature of nonlinearity
is quantitatively and qualitatively different. For the spatial series, asymmetry is expressed at large scales and
is shown to result from the organization of intermediate scale features. In contrast, asymmetry in the
temporal series is a smaller-scale phenomenon. This is a consequence of the scale-dependent propagating
velocity of topographic features. Our results have implications for understanding the complexity of
geomorphic processes as a function of the space and time scale considered: the complexity over the “bed
form Lagrangian time scale” is different in nature to that over the “flow velocity Lagrangian time scale”.

1. Introduction

The complex organization of turbulent flow structures in the near-wall region [Adrian et al., 2000; Wu
and Christensen, 2010] makes any investigation of processes such as sediment transport complex. As
such, detailed experimental [Hardy et al., 2009], numerical [Kirkil and Constantinescu, 2010], or combined
[van Balen et al., 2010] studies are often needed merely to resolve the flow field, and it is only relatively
recently that numerical studies have been able to couple eddy-resolving numerical methods with sediment
transport models [Zedler and Street, 2001; Escauriaza and Sotiropoulos, 2011] or detailed particle imaging
velocimetry work has been coupled to moving particles [Lelouvetel et al., 2009].

All of this work is of increasing sophistication, but there are still significant experimental or numerical dif-
ficulties in working directly with a fully mobile bed and there is still much to be learnt about the coupled
dynamics of flow and sediment motion, particularly relating to issues of the size distribution of sediment
and bed armoring [Wilcock et al., 2001; Parker and Toro-Escobar, 2002; Blom et al., 2006], the dynamics of sed-
iment patches [Paola and Seal, 1995; Nelson et al., 2009], the manner in which flow structures preferentially
entrain sediment [Lelouvetel et al., 2009], and the coupled dynamics of flow, sediment, and bed forms [Roy
et al., 2004; Best, 2005; Venditti and Bennett, 2000; Singh et al., 2011, 2012; Keylock et al., 2013].

It is only relatively recently that techniques from nonlinear physics have been used to elucidate some of
this complex structure. Initially, that work focussed on characterizing river beds in terms of a fractal dimen-
sion or Hurst exponent [Nikora et al., 1998; Butler et al., 2001; Nikora and Walsh, 2004]. More recently, Singh
et al. [2009b] studied time series of bed elevation data and were able to show that as discharge increased,
the nonlinearity of the bed elevation series also increased. Their study showed that the low discharge
case induced a bed shear stress slightly greater than critical so that the bed was mobile but transport was
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coupled to spatial or temporal stress enhancements owing to local bed topography or the action of turbu-
lent structures. This gave dynamics that were similar to that of a diffusion process that were indistinguish-
able from linear variants of the original signal. Conversely, in the high discharge case, the presence of bed
variability at a variety of scales from bed forms to the grain scale resulted in series with stronger nonlinear-
ity. The three dimensionality of these features also decreased predictability through the flow–sediment–bed
form coupling [Parsons et al., 2005; Venditti, 2007]. These results were further supported by the investiga-
tions of Singh et al. [2011], who examined bed elevation time series as well as sediment transport rates and
found that the nature of the multiscale dynamics of the bed elevation time series was controlled by flow rate
and bed sediment composition.

In order to characterize the complexity of gravel bed topography, the study by Singh et al. [2009b] made
use of finite size Lyapunov exponents (FSLEs) [Aurell et al., 1996], combined with surrogate data methods
[Theiler et al., 1992; Schreiber and Schmitz, 1996] and a transport distance metric [Moeckel and Murray, 1997;
Basu and Foufoula-Georgiou, 2002; Keylock, 2007b] to characterize the distance between the original and lin-
earized (surrogate) time series and, thus, their degree of dissimilarity (complexity). The key departure of this
present study from previous work is the use of a relatively new technique called gradual wavelet reconstruc-
tion (GWR) to probe the structure of the time and space series of bed elevations as a function of discharge.
We show how this allows us to explain the important role of scale-to-scale coupling in the development of
bed morphology. We make use of four different discharges and also examine the bed elevation series in two
reference frames: a spatial transect extracted at the end of the experiment and a time series monitored as
the bed forms were advected beneath a sonar transducer. While the former is the more commonly collected
data set, and modern technology means that high-quality digital elevation models can be obtained in the
field and used to make inferences about dynamic processes [Parsons et al., 2007], the latter is more relevant
for understanding the nature of the forcing experienced by a hypothetical “packet” of bed material as it is
advected downstream in a Lagrangian fashion. Hence, differences in the nature of these types of data have
implications for the best frame of reference for analyzing bed elevation data. In addition, variation in ele-
vation characteristics as a function of discharge provides information on changes in the coupling between
flow, sediment, and bed forms, while our results on the interaction between spatial scales may be linked to
recent research on the importance of bed form superposition for bed form morphology [Reesink and Bridge,
2007, 2009] and flow resistance [Lefebvre et al., 2011].

When we undertook this research, we implemented several different metrics of nonlinearity to probe into
various aspects of the nonlinear structure of the bed elevation data series. These included finite size Lya-
punov exponents or FSLEs [Singh et al., 2009b], a nonlinear prediction error [Schreiber and Schmitz, 1997]
and measures of the asymmetric nature of bed elevation fluctuations. However, in this manuscript we focus
on the latter as they proved to be a more relevant descriptor of the form of nonlinearity than the other met-
rics. Hence, in the remainder of this paper, the investigation of nonlinearity is synonymous with an analysis
of the asymmetry series, defined as the magnitude of the first derivative of the signal over a separation dis-
tance, Δ, raised to the third power. This is the terminology used in nonlinear physics [Schreiber and Schmitz,
1997], although the increment skewness, or derivative skewness, is more common in turbulence science.
Our definition of complexity is then based on how similar synthetic data need to be to the original data
so that metrics characterizing the asymmetry exhibit no significant difference between the original and
synthetic cases.

As noted above, the main novelty of this study is the use of gradual wavelet reconstruction to develop
detailed understanding of the nature of complexity and nonlinearity of the space-time series. Convention-
ally, surrogate data methods are used for testing the null hypothesis that there is no significant difference
between data and surrogates with respect to some metric of nonlinearity. Singh et al. [2009b] were able to
reject the null hypothesis for their high discharge case but accept it for the low discharge experiment. In
this study, we use surrogate data to investigate how complex a data series is, rather than focusing on the
acceptance or rejection of a null hypothesis. In the next section of this paper, we explain the technique,
before describing the metrics used to compute the nonlinearity of the data series in both the real (space or
time) and phase space (embedded series) domains. We then describe our experiments before presenting
our results and interpreting them with respect to the proportion of energy (hence, implicitly, the number of
scales) in the original signal that needs to be “fixed” in place so that the surrogate data resemble the original
data in terms of our measure of nonlinearity.
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2. Surrogate Data Methods and Gradual Wavelet Reconstruction

The philosophy behind surrogate data methods is to test for the presence of nonlinearity by comparing
the original series with properly constructed, linearized series (called surrogates). This comparison can be
done using different metrics in both the real (space or time) and phase space domains. Since the surrogates
preserve linear properties of the original data, namely, the values of the data and the Fourier amplitude
spectrum (hence the autocorrelative properties from the Wiener-Khintchine theorem), a significant dif-
ference in the metric computed from the data and surrogates reflects a nonlinearity in the original data
with respect to the chosen metric [Theiler et al., 1992]. For a chosen significance level, 𝛼 and assuming a
two-tailed statistical test, we generate (2∕𝛼) − 1 surrogates and compare their values for the metric to that
for the original data. A significant difference arises if the value for the original data is higher or lower than
that for the surrogates.

In the next subsection we present a well-known method to generate such surrogates. We then explain how
one can go beyond this to generate constrained realizations of an original time series (the surrogate data)
in order to determine how similar to the original data the surrogates need to be for a significant difference
to disappear. That is, how nonlinear are the data? From this we can then infer which scales and interactions
mostly contribute to this nonlinearity.

2.1. The Iterated, Amplitude Adjusted, Fourier Transform Method
The original surrogate generation method of Theiler et al. [1992] was enhanced by Schreiber and Schmitz
[1996] to give the Iterated, Amplitude Adjusted, Fourier Transform (IAAFT) method. Subsequently, these
surrogate data techniques have seen application in a great many disciplines including the study of envi-
ronmental turbulence processes [Basu et al., 2007; Poggi et al., 2004; Keylock, 2009]. They provide a null
hypothesis for the behavior of linear series, to which the properties of actual time series may be compared.
The IAAFT method commences with a Fourier transform of a discretely and regularly sampled data series,
h0(x), with sampling interval, Δx :

H0(f ) ≡ F{h0(x)} =
N∑

n=1

h0(x) exp[2𝜋ifnΔx] = A0(f ) exp[i𝜙0(f )] (1)

The original amplitudes, A0(f ), are stored and the original phases, 𝜙(f )0, are replaced with the phases from a
random sort of the data, 𝜙rand(f ). The inverse Fourier transform is then taken and a rank-order matching pro-
cedure used to substitute the new values for original values in h0(x) to give h1(x). Hence, the histograms for
h0(x) and h1(x) are identical, but the position of particular values will have changed owing to the phase ran-
domization. However, this substitution of the original values will have decreased the accuracy of the Fourier
amplitude spectrum. Hence, having obtained A1(f ) exp[i𝜙1(f )] by taking the Fourier transform of h1(x), we
take the inverse Fourier transform of A0(f ) exp[i𝜙1(f )] and impose the rank-order matching to obtain h2(x).
These stages are iterated until a convergence criterion is satisfied, with the amplitudes in A0(f ) combined
with 𝜙i(f ), the inverse Fourier transform and rank-order matching giving hi(x).

2.2. Gradual Wavelet Reconstruction
Gradual wavelet reconstruction (GWR) [Keylock, 2010] uses a control parameter, 𝜌 ∈ {0,… , 1}, to vary the
nature of the surrogate series in a systematic fashion from a linear IAAFT surrogate series (𝜌 = 0) through
to the original data series (𝜌 = 1). Therefore, 𝜌 is the proportion of energy in the original data series, fixed
into the surrogate series. This technique has seen application in various ways. For example, Keylock [2012]
studied the asymmetry (defined below) of 107 daily river discharge time series (with separation distance,
Δ ∈ {1, 7, 90} days chosen to characterize various scales of behavior from daily to subannual). A choice
of 𝜌 = 0.6 was sufficient to preserve temporal asymmetry in all but 14 of 321 possible cases (107 data sets
and three choices for Δ), while linearity was rejected using IAAFT surrogates in all but 19 of 107 rivers for
at least one of the three choices of Δ. Alternatively, in an application to large-eddy simulation of flow over
a wall-mounted square rib, Keylock et al. [2011] showed that inlet conditions randomized according to
𝜌 = 0.65 could still give good results for the pressure on the front face of the rib but that 𝜌 = 0.90 was
needed to get the pressure on the top of the rib approximately correct owing to the importance of flow
structures generated from the leading edge of the rib. Gradual wavelet reconstruction is explained in some
detail by Keylock [2010, 2012], but we briefly review the main principles here.

GWR makes use of a time/space-frequency decomposition of a data series using wavelets. We adopt the
Maximal Overlap Discrete Wavelet Transform [Percival and Walden, 2000], which like the continuous wavelet
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Figure 1. (a) Bed elevation time series for the Q800 discharge together with surrogate series for three choices of the
control parameter (energy threshold), 𝜌. As 𝜌 → 1, the surrogate series tend to the original data. Surrogate data at
𝜌 = 0.0 are produced using the IAAFT algorithm of Schreiber and Schmitz [1996], while data at other choices for 𝜌 are
built using the algorithm of Keylock [2010].

transform generates the same number of coefficients at each scale (it is undecimated) but like a discrete
wavelet transform is obtained from a hierarchical bank of detail and approximation filters, retaining an exact
reconstruction property. Other advantages of this choice of transform are explained by Keylock [2010, 2012].

Following Keylock [2007a], we define an energy criterion with respect to the squared wavelet coefficients,
w2

j,k , as a function of position, k, and wavelet scale (frequency band), j. The variance of the wj,k at a scale j is
proportional to the Fourier energy at a frequency band corresponding to j. Hence, each w2

j,k represents the
local energy content of the signal as a function of space and time, and the total energy of the signal over the
set of scales considered is

E =
J∑

j=1

N∑
k=1

w2
j,k (2)

In GWR, we place all J × N coefficients, w2
j,k , in descending rank order and define the fixed coefficients as

the fewest number whose total energy is greater than or equal to 𝜌 × E, where 𝜌 is a user-selected value for
the proportion of the total wavelet energy fixed in place. For 𝜌 = 0, there are no fixed coefficients and the
resulting surrogates are similar to those for the IAAFT. For 𝜌 = 1, all coefficients are fixed, no randomization
occurs, and the surrogates and data are identical. For other choice of 𝜌, we look at each scale in turn, place
the fixed coefficients in their original positions on the time frequency plane, while the unfixed coefficients
at this scale are randomized based on the methods originally developed by Keylock [2006, 2007a].

An example application of the method is shown in Figure 1. The data are the gravel bed topography time
series, h(x), obtained under a discharge of Q800 = 800 l s−1 as explained in detail in section 4. It is clear that
as 𝜌 increases, the surrogates take on board an increasing proportion of the temporal structure of the origi-
nal series. Figure 2 shows that there is no difference in the values in these time series and that differences in
the Fourier amplitude spectra only exist at the level of the convergence criterion in the underpinning algo-
rithm. Note the slight difference in the IAAFT surrogate (gray line) at low frequencies which is due to the
sensitivity of spectral methods to drift in the original signal. As noted by Keylock [2008], this problem can be
improved by substituting the IAAFT for the wavelet algorithm presented here with 𝜌 = 0.0.

2.3. Complexity Defined Using GWR
With a set of surrogates defined at various 𝜌 ranging from 0 to 1, it is possible to define the complexity of
a data series in terms of a threshold value for 𝜌 above which there is statistically no significant difference
between the original data and the synthetic surrogates at a given significance level. Thus, if 𝜌thresh = 0, the
original data are linear as their properties may be replicated by linear synthetic series. If 𝜌thresh for one data
series is higher than for another, then the former is defined to be more complex, irrespective of the absolute
values for the metric used to characterize the intermittency. This is how GWR extends the capability of stan-
dard surrogate-based hypothesis testing in nonlinear physics and geophysics [Theiler et al., 1992; Schreiber
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Figure 2. (a) Bed elevation histograms for the original data and the three surrogate series shown in Figure 1. The his-
tograms are identical. (b) Fourier power spectra where the solid black line are the original data, the dashed line is for
𝜌 = 0.6, the dotted black line is for 𝜌 = 0.3, and the gray line is for 𝜌 = 0.0.

and Schmitz, 1996]. Such methods evaluate the null hypothesis of no significant difference between an orig-
inal data series and linear surrogate data (i.e., 𝜌 = 0). Gradual wavelet reconstruction goes beyond this and
allows us to say, given a rejection of this null hypothesis, at which 𝜌 (i.e., 𝜌thresh) does no significant difference
any longer occur. Hence, given two nonlinear data series, traditional hypothesis testing would merely say
that the null hypothesis of linearity is rejected for both. GWR allows us to see which is more complex based
on the higher value for 𝜌thresh.

3. Methods for Characterizing Nonlinearity in Gravel Bed Elevation Data

A review of various methods for characterizing the nonlinearity of time series, or spatial transect data, is
provided by Schreiber and Schmitz [1997]. Initially, we adopted three distinct methods: temporal (or spatial)
asymmetry (derivative skewness), finite time or finite size Lyapunov exponents (FSLEs), and nonlinear pre-
diction error. Here, we focus on the former, which is directly related to the geometry of the bed forms, and
therefore has a clear physical interpretation.

3.1. The Asymmetry Series MA(x)
Asymmetry characterizes the skewness of the first derivative of a signal over a separation distance, Δ. Con-
sequently, it is of use for noting departure from a linear, autocorrelative series, which can not have the
“sawtooth” nature of a highly asymmetric series. This metric is useful for river discharge data sets, where the
asymmetry arises from a steep rising limb relative to the falling limb [Keylock, 2012] and is also intimately
related to fundamental principles in turbulence analysis [von Kárman and Howarth, 1938; Kolmogorov, 1941].
It is also of direct relevance to the study of bed forms where geometric asymmetry also typically exists [Best
and Bridge, 1992; Barnard et al., 2011; Singh et al., 2012], and curvature near the crest plays a significant part
in the dynamics of flow separation [Venditti, 2007].

Given a data series of bed elevations, hx , and a choice of separation, Δ, the increment series (hx − hx+Δ) is
formed and its magnitude is raised to the third power to form the asymmetry series

MA(x,Δ) = |hx − hx+Δ|3 (3)

In this study, and following normal practice in nonlinear analysis [Schreiber and Schmitz, 1997], we set Δ = 1,
which corresponds to 10 mm for the spatial data and 5 s for the time series data. We then drop Δ from the
notation so that MA(x) ≡ MA(x,Δ = 1). To illustrate this, we show example spatial series of hx and MA(x) for
both the original series at Q800 and surrogate series for two values of 𝜌 in Figure 3. To clarify, GWR is applied
to the series hx to create 𝜌 surrogates and then MA(x) is calculated (equation (3)) for each of these series.
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Figure 3. Bed elevation spatial series, hx (mm), for Q800, together with the derived series for MA(x) (mm3) for the original
data and 𝜌 ∈ {0.0, 0.5}.

The phase randomization for 𝜌 = 0 means that the major peaks and troughs in the hx series are not aligned
with those in the original data, while they are to a much greater extent for 𝜌 = 0.5. However, at 𝜌 = 0.0,
maxima for MA(x) are closer to those for the original data than is the case for 𝜌 = 0.5. This intriguing result is
explored more fully below.

The summary statistic formed from the MA(x) series is the dimensionless increment skewness (the normal-
ized third moment of the magnitude of the increment series):

MA ≡ MA(Δ = 1)

=
⟨|hx − hx+1|3

⟩
∕
⟨|hx − hx+1|2

⟩ 3
2 (4)

where the angled braces indicate an ensemble average. We work with MA and MA(x) in different ways. The
former is a summary metric meaning we can compare the values for the original data and for the surrogates
(as a function of 𝜌) in the conventional manner as explained at the start of section 2 [Schreiber and Schmitz,
1997]. However, in order to investigate any significance in the structure of the data series, we also compare
the surrogate and original data series, MA(x). To do this, we embed them in a higher-dimensional space
where their dynamics can be unfolded [Takens, 1981]. Hence, using subscripts 1 and 2 to indicate two differ-
ent data series (e.g., this could be the original data series and a particular synthetic series), we take MA(x)1,
and MA(x)2 and for an embedding dimension, mD, and delay, 𝜏D, produce the embedded series,

−→
M1 and

−→
M2.

For example,

−→
M1 = [MA(x)1,MA(x + 𝜏D)1,…MA(x + (mD − 1)𝜏D)1]. (5)

where, in this study, we adopt the values of mD = 3 and 𝜏D = 10, following the analysis of Singh et al.
[2009b], and based on mutual information and false nearest neighbors methods, respectively [Kantz and
Schreiber, 1997]. We then calculate the transportation distance, DT , between

−→
M1 and

−→
M2 as explained in the

appendix [Moeckel and Murray, 1997]. This provides a formal means for testing the difference in time series
of model output and data [Basu and Foufoula-Georgiou, 2002]. We extend this latter approach to using GWR
surrogates that are a function of the threshold, 𝜌.

3.2. Testing for Nonlinearity With DT and Surrogate Data
Surrogate data methods were combined with the DT by Basu and Foufoula-Georgiou [2002] and Keylock
[2007b] for detecting nonlinearity or chaos in time series. Here we follow the method of Basu and Foufoula–
Georgiou [2002]. We form two sets of values for DT : first, 𝐕1 contains the values for DT between the original
data and each of the surrogates; second, 𝐕2 between each pairwise combination of the surrogate series.
Thus, with a significance level, 𝛼, we have (2∕𝛼) − 1 values in the former case and ∇[(2∕𝛼) − 2] values in the
latter case, where ∇[…] is a triangular number. Hence, with 39 surrogates, we have 39 values in 𝐕1 and 741
values in 𝐕2. As is discussed below, the distribution functions for these sets are not necessarily normal. Thus,
we evaluate the absolute difference between their median values in the results presented below.
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Figure 4. A flowchart explaining the analysis procedure followed in this study for comparison in real space (left path)
and phase space (right path).

Figure 4 summarizes the methodology for the work that forms the focus of this paper. Surrogate data
are derived from the experimental elevation series and then the metric MA is produced for data and sur-
rogates and compared. In addition, the series MA(x) is computed for both the original series and the
surrogates, unwrapped in phase space and then the transportation distance evaluated for data to surro-
gates and surrogates to surrogates, before a final comparison based on the median values of the resulting
distribution functions.

4. Experimental Information
4.1. Experimental Facility
Experiments were conducted in the Main Channel facility at St. Anthony Falls Laboratory, University of
Minnesota. This has a 55 m long, 2.75 m wide working section, with a maximum depth of 1.8 m and
maximum discharge capacity of 8000 l s−1. Water discharge was controlled by a sluice gate positioned at
the head end of the facility, while flow depth was regulated by a sharp-crested weir at the downstream
end of the channel. While the water flows through the channel without recirculation, the sediment recir-
culation system is capable of entraining and recirculating particles up to 76 mm in size. The recirculation
system is based on weigh pans with a 62 L capacity that independently release sediment by a tipping
bucket mechanism. A horizontal, rotating auger, driven by a variable speed motor, spans the full width of
the channel. When a weigh pan reaches a user-defined capacity, it tips and the auger conveys the sediment
to the recirculation pump (dredging pump) intake. For more detail on this system, please see Singh et al.
[2009a, 2010].

4.2. Grain Size and Bed Characteristics
The bed of the channel was composed of a mixture of gravel (median particle size diameter of 11.3 mm) and
sand (median particle size diameter of 1 mm) in an 85:15 percentage ratio. The final grain size distribution
obtained after mixing the sediments had a d50 = 7.7 mm, d16 = 2.2 mm, and d84 = 21.2 mm. The mean spe-
cific density of sediment of all size fractions was 2.65. The thickness of the bed at the start of the experiment
was approximately 0.45 m.
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Figure 5. Convergence of the (a) mean and (b) standard deviation of the original spatial data series toward the final
value. The circles, triangles, diamonds, and squares correspond to data for Q600, Q800, Q950, and Q1600, respectively.
Dotted lines indicate ±10% of the final value.

The recirculation auger speed was adjusted manually every half hour to maintain a constant elevation of
sediment in the auger hopper and to continuously transport sediment through the recirculation pipe. This
procedure avoided sending large pulses of sediment through the pipe each time a weigh pan tipped.

4.3. Experimental Procedure
Intake of the water in the channel was directly from the Mississippi River. Prior to data collection, a constant
water discharge, Q, was fed into the channel to achieve quasi-dynamic equilibrium in transport and slope
adjustment for both water surface and bed. Sediment transport rates were measured simultaneously during
the entire course of the run. Determination of the dynamic equilibrium state was evaluated by checking
the stability of the 60 min average total sediment flux at the downstream end of the test section. Using the
pan accumulation data, the acquisition software computed a 60 min mean of sediment flux in all five pans.
Dynamic equilibrium was reached when the average of the previous 60 min of instantaneous flux values
computed from the pan data stabilized. After attaining equilibrium, experiments ran for approximately 5 h.
The convergence of the mean and standard deviation for the bed form elevation data is shown in Figure 5.
The mean (Figure 5a) has converged to within 10% of its final value for all discharges by less than half way
along the channel, while the standard deviation (Figure 5b) has converged by three quarters of the way
along. Hence, there is evidence that these experiments are statistically repeatable.

Time series of bed elevations were measured through four stationary submersible sonar transducers of
2.5 cm diameter, mounted at the end of rigid steel tubes with a diameter 1.5 cm. The transducers were
placed approximately 0.17 m above the mean bed elevation, were directed perpendicular to the bed, and
were fully submersed for all experiments. Three sonars were located 1.23 m upstream of the five weigh
pans used to collect and weigh the transported sediment (see Figure 6). Data from the central one of
these (labeled hx in Figure 6) were used in this study. Sonar data were sampled every 5 s with a vertical
precision of 0.1 mm. The spatial transects were obtained at the end of the experiments over a drained bed.
A range-finding laser (vertical precision of 0.1 mm and horizontal of 1 mm) was mounted on a three-axis
positionable data acquisition carriage that was capable of traversing the entire 55 × 2.75 m test section

Figure 6. The location of the five weigh pans (numbered) and the four sonars (circles) at the end of the working section
of the Main Channel facility. The time series data used in this study were obtained from the upstream sonar on the flume
center line (labeled hx ).
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Table 1. Hydraulic Properties of the Experimentsa

Attribute 600 l s−1 800 l s−1 950 l s−1 1600 l s−1

Flow depth (m) 0.217 0.245 0.270 0.365
Flow velocity (m s−1) 1.01 1.19 1.28 1.59
Water surface slope 0.0050 0.0053 0.0050 0.0037
Hydraulic radius (m) 0.187 0.208 0.226 0.288
Mean bed form height (cm) 2.53 3.17 3.91 4.41
S.d. bed form height (cm) 0.67 1.26 1.55 2.34
Mean bed form length (m) 6.20 4.88 3.46 3.10
S.d. bed form length (m) 4.25 2.19 1.36 1.33
Spectral slope −1.31 −1.67 −2.07 −2.39
Bed form propagation velocity (m h−1) 9.57 23.7 30.8 30.7

aS.d. is the standard deviation.

and could position probes to within 1 mm in all three axes. Measurements were taken every centimeter
(i.e., half the D84) down the channel center line for a distance of ∼40 m. This resolution is, consequently, suffi-
cient to resolve the larger grains and the topographical features that develop in the channel. Measurements
were also made laterally at the same spacing, although they are not reported here. Bed elevation acquisition
data were also synchronized with measurements of flow velocity, attained with a Nortek Vectrino acoustic
Doppler velocimeter; tracer particle experiments were also conducted.

Four different discharges were used in the experiments reported here, and the hydraulic conditions pertain-
ing in each case are listed in Table 1. In addition, this table states the means and standard deviations for the
height and length of the bed forms, as well as the slope of the Fourier power spectral density against wave-
length on logarithmic axes, indicating the scaling of bed form sizes over the range 0.1 m to 2.0 m (larger
wavelengths than this correspond to the dominant bed form scale as seen in Table 1). It is clear that as the
discharge increases, the mean bed form height increases and the mean bed form length decreases, indi-
cating a significant steepening of the lee and stoss sides of the bed form. The product of these variables
indicates a slight decay in volume of the bed forms with discharge. The trend for the standard deviation
is greater than the mean; hence, the coefficient of variation varies in a similar manner to the means. Thus,
there is no obvious change in the stability of the average morphological pattern with discharge: while
length variability decreases with discharge, height variability increases. The spectral slopes are steeper at
higher discharges despite the mean wavelength decreasing. This is a consequence of the decrease in the
standard deviation (and coefficient of variation) of bed form length with discharge, meaning that the energy
associated with the bed forms is smeared across fewer wavelengths. Thus, a steeper decay of the energy
with wavelength results. More details about the extracted bed forms and associated spectral analysis will be
presented in a forthcoming paper.

The bed form propagation velocities are also quoted. These are defined in terms of the motion of the points
that are at least as high as the mean bed form height +2 standard deviations and permit the effective sam-
pling resolution of the spatial and temporal sampling to be compared. The former is at a wavelength of 0.01
m. With a 5 s sampling resolution, the equivalent values for the temporal sampling are 0.013 m (Q600), 0.033
m (Q800), 0.043 m (Q950), and 0.043 m (Q1600).

5. Results
5.1. Results for MA Asymmetry Comparison in Real Space
Figure 7 shows that there is a clear contrast in the values for MA between the spatial and temporal data
series. Figure 7 (top) shows that irrespective of discharge, the overlap between MA for the original eleva-
tion series (dotted line) and the boxplots of MA for the surrogates means that the spatial transects of bed
elevation series do not exhibit a significantly different asymmetry to their linear counterparts for 𝜌 = 0.0.
Although there is no significant difference at 𝜌 = 0.0, it is interesting to note that as 𝜌 increases and we con-
strain the degree of variation in the surrogates, a significant difference emerges. The surrogates for Q1600

preserve a high degree of variation for the highest choice of 𝜌 and, as a consequence, do not exhibit a sig-
nificant difference between data and surrogates until 𝜌 = 0.6, compared to 𝜌 = 0.2, 𝜌 = 0.1, and 𝜌 = 0.2 for
Q600, Q800 and Q950, respectively. Related to this is the observation that when working from the right-hand
side of these plots, the value for MA is only attained by 𝜌 = 0.99 for Q1600, while the equivalent values are
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Figure 7. Results for the gradual wavelet reconstruction of the asymmetry measure, MA, for the bed elevation data as a
function of flow discharge: (top) spatial transects and (bottom) temporal series. The value of MA for the data is shown
as a dotted line, and the results for 39 surrogates are contained in the boxplots. From left to right, these are for 𝜌 ∈
{0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.92, 0.94, 0.96, 0.98, 0.99}. The line in the center of each box is the median,
with the upper, q3, and lower, q1, quartiles delimiting the extent of the box. The whiskers then extend to q3+1.5(q3−q1)
and q1 − 1.5(q3 − q1). Starting from 𝜌 ∼ 1, the last value for 𝜌 for which the MA of the 𝜌 surrogates are not significantly
different to the original data defines 𝜌thresh, e.g., 𝜌thresh = 0.9 in Figure 7 (top left). The discharge dependence of these
values is examined in Figure 11.

𝜌 = 0.90, 𝜌 = 0.92, and 𝜌 = 0.96 for Q600, Q800, and Q950, respectively. These latter values have previ-
ously been termed the threshold values for 𝜌 in GWR-based analyses [Keylock, 2012]. A data series with a
high value for 𝜌thresh may be considered more complex because a higher proportion of the temporal/spatial
structure (a higher proportion of the wavelet energy of the data series) needs to be fixed in place in order
for the surrogates to replicate the properties of the original data. Note that there is a discharge dependence
to these values for 𝜌thresh: as discharge increases, the series become more complex, despite the facts that the
magnitude of MA does not vary greatly.

Hence, the asymmetry behavior in the spatial transects is rather subtle. Unconstrained, linear surrogates can
sample this degree of asymmetry by chance. However, when the surrogates are constrained to a shape that
is more similar to those of the observed bed forms, the results support the hypothesis that the increase in
discharge increases the bed form complexity.

Regarding the time series of elevations, there is a clear significant difference in asymmetry at 𝜌 = 0.0
between data and surrogates for all cases. Thus, all these data series are nonlinear with respect to MA. Work-
ing from the right-hand side of the lower row of plots in Figure 7, the values for 𝜌thresh are 0.7 for Q600, 0.9 for
Q800, 0.8 for Q950, and 0.9 for Q1600. Hence, there is perhaps a weak tendency for a discharge dependence in
the time series results.

5.2. Results for MA(x) Comparison in Phase Space
We analyzed the differences in MA(x) between data and surrogates using DT . We formed the sets 𝐕1 and 𝐕2

corresponding to the values for DT between, first, the asymmetry series of the original data and the asym-
metry series of the surrogates and, second, the asymmetry series for each surrogate series and all the others.
These distributions are shown by the heavy (𝐕1) and thin (𝐕2) lines in Figure 8 as a function of 𝜌 for the Q600

spatial data series.

The absolute difference in the medians of 𝐕1 and 𝐕2 is shown in Figure 9 as a function of discharge and 𝜌.
The results reflect those seen in Figure 7: For the spatial data and for very low 𝜌, the large intrinsic variation
in the surrogates results in a small difference in the medians, while for very high 𝜌, the surrogates are very
similar to the data and the difference is also small. In between, the difference increases until the properties
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Figure 8. Results for the transportation distance, DT , in phase space computed from the MA(x) series of the original data
and their surrogates as a function of 𝜌 for the Q600 spatial data series. The heavy lines indicate the histograms for the
results between the data and surrogates (i.e., 𝐕1) and the thin lines (𝐕2) indicate the intrinsic variation between surro-
gates. Note the small difference in the medians of these histograms for small and large 𝜌, with a maximum difference at
𝜌 = 0.5. This pattern is summarized in Figure 9 (top left).

of the surrogates seem to “lock on” to those of the original data, at which point the difference declines. In
the case of the temporal data, the pattern we see is more like the one we expected—a significant difference
at 𝜌 = 0.0 and either a general decrease in |𝐕1 − 𝐕2| with 𝜌 (as is the case for Q600) or an error plateau until
a critical value for 𝜌, followed by a rapid decline (higher discharge cases). For these data, not only does the
median difference at 𝜌 = 0 increase with discharge but also the critical value for 𝜌 at which significant decay
in the error arises: For Q600, the error decays from 𝜌 = 0 (and more steeply from 𝜌 = 0.8). For Q800 and Q950,
the error is stable until 𝜌 = 0.5, while for Q1600, the region of relative stability persists until 𝜌 = 0.6.

The maximum median difference for the spatial data in Figure 9 (top) shows a peak at 𝜌 = 0.5 for Q600, which
increases to 𝜌 = 0.7 for Q800 and Q950, and increases further to 𝜌 = 0.94 for Q1600. Hence, a far higher propor-
tion of the total wavelet energy needs to be fixed in place in the surrogates to move beyond this maximum
error value as discharge increases. Thus, we have an interesting and unanticipated result that reflects behav-
ior seen in Figure 7: The difference in MA(x) complexity for the spatial data is not apparent in conventional
IAAFT testing at 𝜌 = 0.0 but emerges in terms of the coupling behavior of fixed and unfixed scales that
requires much more energy to be fixed as discharge increases. This highlights an advantage of GWR com-
pared to conventional surrogate data testing. From the perspective of hypothesis testing for nonlinearity,
it is correct to state that for our spatial data (Figures 7 and 9) there is no significant difference between the
original data and phase randomized, linear surrogates (at 𝜌 = 0) and there is no significant asymmetry to
the data. However, once a degree of phase locking is introduced, i.e., once some proportion of the wavelet
energy of the original signal is fixed in place, significant asymmetry emerges. This can be seen in Figure 3
for the spatial series of Q800. Pure phase randomization results in occasional large values for MA(x) as seen
for the original data. However, at 𝜌 = 0.5, where the surrogate series for hx resembles that for the original
data qualitatively, peaks in the asymmetry are greatly reduced, reflecting the difference in medians seen in
Figure 9. This implies that for multiscale systems, such as bed forms where there is an interaction between
form, grain, and intermediate scales, conventional formulations for surrogate data-based hypothesis testing
may need rethinking.

This issue is examined further in Figure 10, which shows three Fourier power spectra (multitaper method)
for each discharge obtained from the centered spatial data series. The black line in each case is obtained
from the experimental data. The gray lines are derived by working out the fixed wavelet coefficients at a
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Figure 9. The unsigned difference in the median values of the histograms for 𝐕1 and 𝐕2 (see caption for Figure 8 or the
text for further explanation). Values for 𝐕1 are obtained by computing the DT in phase space between the original MA(x)
series and the 𝜌 surrogate series. In the case of 𝐕2, DT is computed between pairwise combinations of 𝜌 surrogate series.
This method is described more fully in section 3.2. The discharge for the plots in each column is shown across the top
of the figure. The top row of results are for the spatial data, with the temporal data on the bottom row. The values of 𝜌
at which the maximum median difference is observed are called critical values, 𝜌crit. These are used to understand the
scales mostly contributing to the nonlinearity (Figure 10) and exhibiting a discharge dependence (Figure 11).

given 𝜌, setting all other coefficients to zero and taking the inverse wavelet transform. Hence, they repre-
sent the Fourier spectra for the spatial elevations derived from the fixed wavelet coefficients at a given 𝜌.
The unfixed coefficients need to be added to this to obtain a spectrum that converges on the black line in
each case as arises in Figure 2. The solid gray line is for the choice of 𝜌 corresponding to the error peak in
the top row of Figure 9, while the red line is for the next choice of 𝜌. That is, for Q600, these values are for
𝜌 = 0.5 and 𝜌 = 0.6, respectively. When examining the solid gray lines, a strong spectral gap is evident at a
frequency that increases with discharge from just less than 0.2 radians for Q600 to 0.5 radians for Q1600. That
is, the energetic wavelet coefficients fixed in the algorithm occur preferentially at low frequencies (as the
shape of the spectrum in Figure 2 indicates), but also at higher frequencies, with a gap at intermediate fre-
quencies. Increasing 𝜌 further removes the gap. Thus, the complex error structure for MA(x) for the spatial
data seen in Figures 3 and 9 is a consequence of the coupling between the intermediate scales and the low-
and high-frequency scales. When 𝜌 is small, most scales are phase randomized and MA(x) for the data can
be obtained by chance. At high values for 𝜌, wavelet coefficients in the spectral gap become fixed (red lines
in Figure 10) and the error decreases. For intermediate values for 𝜌, the error increases because the random-
ization of the coefficients preferentially located in the spectral gap in Figure 10 is sufficiently constrained to
reduce the probability of an appropriate phase alignment with the fixed coefficients (Figure 3).

The spectral gap evident in the red lines in Figure 10 suggests that there is significant energy at both the
small (grain) and large (bed form) scales, which correspond to classical notions of grain and form roughness
[Lawless and Robert, 2001]. However, we have shown that in order to obtain synthetic data series with non-
linear characteristics that match those of gravel bed data series, the coupling between these scales must
also be captured, via intermediate scale, superimposed bed forms. This is a new result and the manner that
we have determined this, using techniques from nonlinear physics coupled to a constrained randomiza-
tion technique (gradual wavelet reconstruction) is also novel. This highlights some of the potential power of
using GWR to elucidate characteristics of complex earth and environmental systems.
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Figure 10. Fourier power spectra computed using the multitaper method for the spatial data series (black line), the
series of fixed wavelet coefficients at the 𝜌 giving the maximum median difference in the top row of Figure 9 (gray line),
and the series of fixed wavelet coefficients for the next larger value for 𝜌 (red line). The difference in spectral energy
between the gray and red lines (spectral gap) indicates that the coupling of intermediate scales to the larger and smaller
scales contributes substantially to the nonlinearity of the bed elevation series and that the wavelength of the coupled
scales moves to higher frequencies with increasing discharge.

6. Discussion
6.1. Summary
A comparison of the discharge dependence for the asymmetry series, MA(x), in both real space and phase
space is given in Figure 11. The upper panel shows the discharge dependence for 𝜌thresh for MA, where
this threshold is the further point toward 𝜌 = 1 that separates surrogates that are significantly different
to the original data (𝜌 ≤ 𝜌thresh) and those that are not significantly different 𝜌 > 𝜌thresh. For both the
spatial (squares) and temporal (diamonds) data, a discharge dependence is evident. Hence, as discharge
increases, the asymmetry becomes more complex. Figure 11b highlights critical values for 𝜌 for the analysis
of MA(x) for the spatial data series. This definition is not equivalent to 𝜌thresh but is the 𝜌 corresponding to
the maximum for the absolute difference in medians between 𝐕1 and 𝐕2. These 𝜌crit values have a very clear

Figure 11. A summary plot of the discharge dependencies of threshold and critical values for 𝜌. (a) 𝜌thresh as the last
value for 𝜌 (working from 𝜌 = 1), where no significant difference between data and surrogates occurs (see Figure 7). The
results for the spatial elevation series are shown as squares and the time series as diamonds. (b) the 𝜌crit values (circles),
i.e., the value of 𝜌 at which the maximum median difference is found in the phase space between MA(x) for the original
data and their 𝜌-surrogates (see Figure 9).
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Figure 12. The elevation data series for Q950. The data in (a) and (b) are the spatial transects while those in (c) and (d) are
the time series. Panels (b) and (d) highlight subregions of the results shown in (a) and (c).

discharge dependence, meaning a greater proportion of the wavelet energy of the signal needs to be fixed
in place for the effect examined in Figure 10 to occur.

Perhaps the most interesting result of our study, however, is not seen in Figure 11 but is in Figures 7 and 9.
No significant nonlinearity would be inferred for MA or MA(x) at 𝜌 = 0. Hence, without the use of GWR, one
would conclude that there is no significant asymmetry and, thus, if nonlinearity is suspected, MA is not suffi-
ciently sensitive to the nature of the nonlinearity to exhibit a significant difference. However, as 𝜌 increases
a significant difference emerges and the basis for this is shown in Figure 10. A spectral gap develops in the
fixed coefficients with large and small scales fixed to some extent but intermediate scales randomized. How-
ever, constraints in the randomization mean that the intermediate scales are systematically displaced in
phase compared to the original data or to the full phase randomization that occurs at 𝜌 = 0 (Figure 3). The
wavelength of these intermediate scales moves to higher frequencies as discharge increases. The dimen-
sionless spatial frequencies in Figure 10 correspond to physical length scales of 30–40 cm (Q600 and Q800),
25 cm (Q950), and 10–12 cm (Q1600). Hence, these crucial intermediate scales shorten as discharge increases,
in line with the general shortening of the bed forms with discharge reported in Table 1.

6.2. Interpretation
Figure 12 shows the data series for Q950 where the values for MA for both the original spatial and tempo-
ral series are similar (Figure 7). A comparison between Figures 12a and 12b shows that for the spatial data,
asymmetry is a large scale phenomenon. The gradual rise and sudden fall in the bed elevations seen from
x = 12 m to x = 14.5 m in Figure 12a is not reflected in the smaller scales, which have a more symmet-
ric behavior (Figure 12b). In contrast, there is no clear asymmetry in Figure 12c at the large scales, but it
becomes evident at smaller scales such as between 5100 and 5200 s in Figure 12d. Consequently, with the
asymmetry/nonlinearity evident at small scales in the latter case, there is no issue regarding cross-scale
coupling for the preservation of asymmetry. However, if the asymmetry is a large-scale phenomenon, the
question arises as to whether it is innately a large-scale process or is a consequence of the integrated effects
of smaller-scale phenomena. The results in Figure 10 imply that it is about the coupling of the intermediate
scales to the grain and bed form scales.

As noted above, the wavelength of the spectral gap for Q950 in Figure 10 is ∼ 18 to 31 cm. Features corre-
sponding to this range of wavelengths for the spatial elevation series at Q950 are highlighted in Figure 13.
These “ridges” exert a strong control on the asymmetry despite being of lower energy than the bed forms
and some of the grain-scale fluctuations. The development of gravel bed forms with a suitable asymmetry
therefore concerns the coupling between the bed form and grain scales through these intermediate scale
features. Hence, the error peak in Figure 9 at 𝜌 = 0.7 for Q950 is shown in Figure 10 to correspond to features
in Figure 13 that at 𝜌 = 0.7 are not fixed in place in the wavelet coefficients but are crucial for generating the
requisite asymmetry.
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Figure 13. Two subsections of the spatial elevation data series for Q950. Features with a wavelength corresponding to
the spectral gap in Figure 10 are highlighted in gray.

7. Conclusion

The statistical properties of gravel bed surfaces have been the focus of concentrated research effort in the
last few years [Nikora et al., 1998; Butler et al., 2001; Aberle and Nikora, 2006]. Even in the absence of fully
developed bed forms such as dunes [Best, 2005], understanding bed roughness is important because the
coupling between roughness elements on the bed, turbulence production, and flow dynamics [Lacey and
Roy, 2007; Hardy et al., 2007; Lefebvre et al., 2011; Keylock et al., 2013] is vital for enhancing the efficacy of
flow resistance and sediment transport equations [Simons et al., 1965].

The results of this study throw a different light on previous work characterizing gravel bed surfaces. The
complexity of the surfaces as measured by asymmetry increases with discharge (Figure 11) and, thus, veloc-
ity (Table 1). However, the crucial difference is the manner in which the asymmetry is expressed between the
spatial and temporal data, which is seen in the different shape of the plots in Figures 7 and 9 and was also
seen in the analysis of finite size Lyapunov exponents (results not reported here). For the spatial elevation
data series, the key role of the intermediate scales (Figures 10 and 13) in coupling large (bed form) scales
and small (close to grain) scales to reproduce the asymmetry in bed elevation fluctuations is a new result.
Hence, superimposed topographic features are not just important in terms of their sedimentological effects
[Smith, 1972; Reesink and Bridge, 2007, 2009], impact on hydraulic roughness [Lefebvre et al., 2011], or role in
boundary layer turbulence processes [Barnard et al., 2011] but have a role in controlling the complexity of
the whole bed form unit through their impact on derivative skewness statistics.

In addition, we have determined that the time series bed elevation data are more likely to exhibit complex-
ity with respect to IAAFT surrogates (i.e., 𝜌 = 0) than spatial data series. This is because the nonlinearity
appears at much smaller scales as shown in Figure 12. This observation has implications for the relevant time
scales for the examination of geomorphic phenomena. At the time scale of the fluid velocity (the fluid veloc-
ity Lagrangian time scale), the bed is approximately stationary for our flow conditions (Table 1 shows that
the flow velocity is at least 150 times the bed form velocity). Hence, the spatial data series is of relevance.
While flow over such surfaces is clearly very complex [Best, 2005; Hardy et al., 2007; Venditti, 2007; Keylock
et al., 2013], because the nonlinearity is expressed at larger scales, two-point statistics (i.e., second-order
measures, such as the fractal geometry of the surface, [Butler et al., 2001]), supplemented by knowledge
of the bed elevations and directional information, are likely to be effective for the characterization of small
scale roughness statistics [Aberle and Nikora, 2006]. The difficulty then resides with the coupling to the
highly nonlinear Navier-Stokes equations, meaning that eddy-resolving flow modeling techniques have an
important role to play [Escauriaza and Sotiropoulos, 2011; Keylock et al., 2012c].

In contrast, when working at the time scale of bed evolution and migration (the bed form Lagrangian time
scale, which in this study varies from ∼ 10 m h−1 to ∼ 30 m h−1), the elevation data are complex at relatively
smaller scales of variability. This difference is a consequence of the scale-dependent propagating velocity of
topographic features. This raises the specter that coupling bed form dynamics to channel adjustment and
evolution scales will require careful consideration of the precise nature of the bed surface properties.
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This is because even though such processes are likely to be less complex than turbulence, the bed elevation
data are more complex in their own right when analyzed from the perspective adopted here.

The results of any study depend on the sampling duration and resolution adopted. By measuring every cen-
timeter for 40 m, we have high confidence in being able to identify intermediate scale topographic features
and examine their coupling to larger scales. It is possible that interesting and potentially complex behavior
is also present at scales smaller than those resolved here (the order of the median grain size). The sand frac-
tion in particular is known to sometimes exhibit behavior that is qualitatively different to gravels in weakly
bimodal mixtures [Wathen et al., 1995]. What these effects are and how they are coupled to, and potentially
mediate, the phenomena investigated here, is a question for future research.

Matlab code to perform gradual wavelet reconstruction and to calculate the transportation distance, DT , is
available for download from www.chriskeylock.net.

Appendix A: Transportation Metric

For an embedding dimension, mD, and delay, 𝜏D, we produce embedded series,
−→
M1 and

−→
M2 (equation (5)).

Moeckel and Murray [1997] then discretizes the data into b intervals. We tested two implementations to han-
dle the positively skewed nature of MA(x): an equal interval method based on the logarithm of MA(x) and a
classification where there are an equal number of points in each interval (an equal size method). The results
presented in the paper use the latter.

Given a choice of b, and a selection of the equal interval or equal size approach, one obtains 𝛽 = bmD hyper-
cubes. We can evaluate the probability of the two systems being in each hypercube by simply determining
the number of points in each cube and dividing these values through by N for each series. One then mini-
mizes the transportation cost between the two distribution functions. Thus, we define 𝜇i,i∕ as the amount of
mass to be moved between hypercubes Bi and Bi∕ and adopt the constraint

∑
i∕

(𝜇i,i∕ − 𝜇i∕ ,i) = p(−→M1)i − p(−→M2)i (A1)

where i = 1,… , 𝛽 and the sum is over the immediate neighbors of Bi. If 𝐓[p(−→M1), p(−→M2)] is the set of all the
transportation routes that fulfill (A1), then we seek the minimum from this set:

DT [p(
−→
M1), p(−→M2)] = inf

𝜇∈𝐓[p(−→M1),p(
−→
M2)]

𝛽∑
i,i∕=1

𝜇i,i∕DM(Bi, Bi∕ ) (A2)

where DM(Bi, Bi∕ ) is a normalized Mahalanobis distance:

DM(Bi, Bi∕ ) =
1

mD

mD−1∑
i=0

|B
i∕i
− Bii

| (A3)

Notation

A Fourier amplitudes.
𝛼 significance level.
b number of subdivisions of an axis of an embedding space.
B a particular hypercube within the embedding space.
𝛽 total number of hypercubes in an embedding space.

𝛾 , 𝜉 subscripts for two different data vectors.
d16, d50, d84 sediment size percentage fractions based on diameter.

DM Mahalanobis distance.
D1 distance metric.
DT transportation distance metric.
Δ separation of two points along a data series.
Δx sampling interval of a data series.

E energy measure in terms of wavelet coefficients.
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E(f ) Fourier energy spectrum.
f frequency.
h data series (space or time) of bed elevation heights (mm).
H Fourier transform of h.

i imaginary part or as an index variable for the boxes in a discretized embedding.
IM mutual information.

j wavelet scale.
J maximum wavelet scale.
k position along a set of wavelet coefficients at a given scale, j.

mD embedding dimension.
MA metric for data asymmetry in real space (increment skewness).

MA(x) Asymmetry data series subsequently analyzed in phase space.
−→
M embedding vector for asymmetry data series, MA(x).
𝜇 amount of probability “mass” to be moved between boxes in a discretized embedding.
N number of points in a data series.

∇[…] triangular number.
p probability.
𝜙 Fourier phases.
q quartile.
Q discharge.
𝜌 parameter for gradual wavelet reconstruction.
𝜎 standard deviation.
𝐓 set of transportation plans.
𝜏D delay time for a state space embedding.
𝜏h∗ time scale for data series, h, based on autocorrelation.
𝜏ĥ time scale for data series, h, based on mutual information.

𝐕1, 𝐕2 Sets of values for DT between data and surrogates, and surrogates and
surrogates, respectively.

w wavelet coefficient.
x position along a data series (space or time).
z normalized data in terms of z scores.
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